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DP overview	

Objective:

Organize and structure the search for good policies

Key idea:

use value functions

Assumption: a perfect model of the environment

Computes optimal policies given the model
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Policy Evaluation

State- value function for policy π :

Vπ (s) = Eπ Rt st = s{ } = Eπ γ krt+k +1 st = s
k =0

∞

∑ 
 
 

 
 
 

Bellman equation for Vπ :

Vπ (s) = π (s, a) Ps ′ s 
a Rs ′ s 

a + γV π( ′ s )[ ]
′ s 
∑

a
∑

— a system of S  simultaneous linear equations

Policy Evaluation: for a given policy π, compute the 
                                state-value function Vπ

Recall:

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction

existence and uniqueness of V^π is guaranteed if discount factor < 1
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Iterative Methods

  V0 → V1→ L →Vk → Vk+1 → L → Vπ

! 

Vk+1(s) " # (s,a) Ps $ s 
a Rs $ s 

a + %Vk( $ s )[ ]
$ s 

&
a

&

a “sweep”

A sweep consists of applying a backup operation to each state.

A full policy-evaluation backup:
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Policy Improvement

Suppose we have computed       for a deterministic policy π.Vπ

For a given state s, 
would it be better to do an action                 ? a ≠ π(s)

 Qπ (s, a) = Eπ rt +1 + γVπ(st +1 ) st = s, at = a{ }
= Ps ′ s 

a

′ s 
∑ Rs ′ s 

a +γ Vπ ( ′ s )[ ]

The value of doing a in state s is :

It is better to switch to action a for state s if and only if

                            Qπ (s,a) > V π (s)

Tuesday, 24 February 2009



Policy Improvement (cont.)

′ π (s) = argmax
a

Qπ (s, a)

= argmax
a

Ps ′ s 
a

′ s 
∑ Rs ′ s 

a + γV π ( ′ s )[ ]

Do this for all states to get a new policy ′ π  that is 
greedy  with respect to V π :

Then V ′ π ≥ Vπ
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Policy Improvement (cont.)

What if V ′ π = Vπ  ?

i.e.,    for all s ∈S,    V ′ π (s) = max
a

Ps ′ s 
a

′ s 
∑ Rs ′ s 

a +γ Vπ ( ′ s )[ ]  ?

But this is the Bellman Optimality Equation.
So V ′ π = V∗ and both π and ′ π  are optimal policies.
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Policy Iteration

  π0 →V π 0 →π1 → Vπ1 → L π * →V * →π *

 policy evaluation policy improvement “greedification”

2 Multiagent Reinforcement Learning: Backgrounds and Settings

Algorithm 2.2 PI – Policy Iteration

Input: T , R, !, "

Parameters: #

Output: V"
initialize V 0 arbitrarily, choose a policy "′ arbitrarily

repeat

$← 0

Compute the value function V of policy " :

for all s ∈ S do
solve the linear equations:

V k+1(s) ← R(s,"(s))+ !%s′∈S T (s,"(s),s′)Vk(s′)
$←max($, |Vk+1(s)−Vk(s)|)

end for

until $< #

improve the policy at each state:

for all s ∈ S do
"′(s) ← argmaxa(R(s,a)+ !%s′∈S T (s,a,s′)V"(s′))

end for

"← "′

states and the reward function R, a mapping from states and actions to real

values.

Bootstrapping is a technique which makes estimates of a certain variable

based on previous estimates of that variable.

Dynamic Programming

Dynamic Programming (DP) is a class of methods that can be used to compute

optimal policies when a perfect model of the environment as anMDP is known.

Is is also a class of bootstrapping techniques. Some common characteristics of

DP are the following,

• The problem can be divided into stages, and a decision has to be taken
at each stage.

• All stages have a countable number of states associated to it.

• The decision taken at a given stage implies a transition probability to a
subset of other states.

• There exists a recursive relationship that identifies the optimal policy for
state n, given that state n+1 has already been solved.

16
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Value Iteration

Successive approximations of the value function V

Can be broken down into:

estimating Q-value based upon value function

selecting a policy π given the Q-values

derive new value function based on π and Q-values

2 Multiagent Reinforcement Learning: Backgrounds and Settings

Summing up, if the model of the environment is known, that is, the reward

and state transition functions R(s,a) and T (s,a,s′), one can use value iteration
(VI) to solve for the optimal Q-value functionQ∗ and derive the optimal policy

!∗ from it or use policy iteration (PI) to improve the policy function ! directly.

Value Iteration

The value iteration algorithm (Algorithm 2.1) is based on successive approxi-

mations of the value function V . This approximation is proved to converge to

the optimal value function V∗ [Bellman, 1957, Bertsekas, 1995]. Algorithmi-

cally, value iteration can be broken down into estimating a Q-value based upon

a value function,

Q(s,a) ← R(s,a)+ " #
s′∈S

T (s,a,s′)V (s′)

selecting a policy ! given the Q-values,

!← f (Q)

where function f (Q) is any sensible policy selection scheme (e.g.

argmaxaQ(s,a)), and deriving a value function based upon ! and the Q-value
functions [Zinkevich et al., 2005].

V (s) ← #
a∈A

!(s,a)Q(s,a)

The end condition policy is not good enough must be carefully se-

lected for the problem at hand. Usually, one can use the distance between

the state value vectors from two successive iterations and ask if this distance is

small enough. However, the greedy policy might be optimal way before values

completely settle, so other less strict stopping criteria might serve as well.

Policy Iteration

Another way to solve MDPs is to use a policy iteration algorithm (Algo-

rithm 2.2). In this algorithm the policy ! is directly improved instead of first

looking for the optimal value function and then determining the policy as with

VI. The algorithm computes a system of linear equations to derive the state

value for the given ! and then determines the new greedy policy !′ w.r.t. the

state values.

There is no clear cut when to use one or another algorithm for solving

MDPs. It is known [Puterman, 1994] that PI can be identified with Newton’s

method and VI with successive approximation, which in terms of running time

means that VI is polynomial in the horizon (1/(1− ")), the degree of accuracy

14
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Value Iteration 2.3 Markov Decision Processes

Algorithm 2.1 VI Ð Value Iteration
initialize functionV arbitrarily, e.g.V (s) ← 0; ∀s ∈ S
while policy is not good enoughdo
for all s ∈ S do
for all a ∈ A do
Q(s,a) ← R(s,a)+ !"s′∈S T (s,a,s′)V (s′)

end for

#← f (Q)
V (s) ← "a∈A#(s,a)Q(s,a)

end for

end while

(1/$) and the magnitude of the largest payoff, while PI might be computation-
ally expensive on each iteration given that for large state spaces, solving linear
equations exactly requires a lot of computation,O(n3) (cubic in the number of
states).

When we know the value of each state under a given policy# it is possible
to improve the value of each state by choosing the best action, i.e. the action
that maximizes:

#′(s) ← argmax
a

(R(s,a)+ ! "
s′∈S

T (s,a,s′)V#(s
′)

However, there are many situations where the agent does not knowR(s,a)
and/orT (s,a,s′), in this situations, the agent must interact with the environ-
ment andlearn the optimal policy by gaining experience through repeated it-
erations with the environment.

2.3.3 Reinforcement Learning

The learning techniques described in this dissertation are limited to Reinforce-
ment Learning (RL) problems. In this section we present basic RL techniques
and some of the most sounded algorithms for single agent learning tasks. We
classify the presented RL algorithms based on two criteria, i.e.bootstrapping

and atransition model of the environment. The central concern of most RL
techniques is the learning of a value function on a unknown MDP to derive an
optimal policy based on the correct value function.

Generally speaking RL algorithms can be subdivided in realms. One realm
concerns techniques which needs a model of the environment, and the second
concerns techniques which learns based on bootstrapping techniques.

A model of the environment consists of the state transition functionT which
is a mapping from states and actions to a probability distribution over next

15

end condition  policy is not good enough must be carefully selected 
(e.g. distance between from two successive iterations)

Tuesday, 24 February 2009



A small Gridworld

❐ An undiscounted episodic task
❐ Nonterminal states: 1, 2, . . ., 14; 
❐ One terminal state (shown twice as shaded squares)
❐ Actions that would take agent off the grid leave state unchanged
❐ Reward is –1 until the terminal state is reached
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Solving the small 
Gridworld
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Asynchronous DP

All the DP methods described so far require exhaustive sweeps of 
the entire state set.

Asynchronous DP does not use sweeps. Instead it works like this:

Repeat until convergence criterion is met:

Pick a state at random and apply the appropriate backup

Still need lots of computation, but does not get locked into 
hopelessly long sweeps

Can you select states to backup intelligently? YES: an agent’s 
experience can act as a guide.
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Summary

PI can be identified with Newton’s method and VI with 
successive approximation. 

Running time:

VI is polynomial in the horizon, the degree of accuracy  and the 
magnitude of the largest payoff.

PI  might be computationally expensive on each iteration

DP are bootstrapping techniques.

makes estimates based on other estimates.

The final state must be solvable. 
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Temporal Difference 
techniques

A combination of Monte Carlo and DP 
ideas
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Advantages

Do not require a model of the environment (unlike DP)

Implemented in a fully incremental fashion (unlike 
MC)

many applications have very long episodes

delaying learning until end of an episode is too slow

Learns from each transition

this is independent of the policy followed (unlike MC)
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TD prediction

Simple every - visit Monte Carlo  method :

V(st )← V(st) +α Rt − V (st )[ ]

Policy Evaluation (the prediction problem): 
         for a given policy π, compute the state-value function Vπ

Recall:

The simplest TD method,  TD(0) :

V(st ) ! V(st) +" rt+1 + #V (st+1 ) $ V(st )[ ]

target: the actual return after time t

target: an estimate of the return
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Simple Monte Carlo

T T T TT

T T T T T

V(st )← V(st) +α Rt − V(st )[ ]
where Rt  is the actual return following state st .

st

T T

T T

TT T

T TT
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Simple TD Method

T T T TT

T T T T T

st+1
rt+1

st

V(st )← V(st) +α rt+1 + γ V (st+1 ) − V(st )[ ]

TTTTT

T T T T T
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DP

V(st ) ! E" rt+1 +# V(st ){ }

T

T T T

st

rt+1
st+1

T

TT

T

TT

T

T

T
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TD methods bootstrap and sample

Bootstrapping: update involves an estimate

MC does not bootstrap

DP bootstraps

TD bootstraps

Sampling: update does not involve an expected value

MC samples

DP does not sample

TD samples
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Learning An Action-Value Function

Estimate Qπ  for the current behavior policy π.

After every transition from a nonterminal state st ,  do this :

Q st , at( )←Q st , at( ) + α rt+1 +γ Q st+1,at+1( ) −Q st ,at( )[ ]
If st+1 is terminal,  then Q(st+1, at+1 ) = 0.

Tuesday, 24 February 2009



Sarsa: On-Policy TD Control

SARSA consider transitions from pairs (s,a) to (s’,a’), and learn the value of (s,a) 
pairs.
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