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Abstract. In the existing work on auctions, a symmetric model of common knowledge, in this paper we examine not only this case, but
all bidders has been assumed: they all have the same risk attitudalso the one where we assume that each bidder only knows his own
possible valuations and spite (or competition). As this is not realistianodel: a bidder knows how competitive he is, but not how competi-
in many real examples, we relax this assumption and extend the statie the opponents are; he does know however that there is a certain
of the art in multi-unit auctions to consider bidders of different types;chance associated with each opponent using a particular model (i.e.
each bidder type has a different risk attitude and distribution fromcompetition coefficient in this case).

which its valuation is drawn or different spite. We examine both the This paper is organized as follows. In the next section, we for-
case when the participants’ types are known and when they are nanally present the model and the notation that will be used in this
and, for both cases, derive equilibrium bidding strategiesinbdth ~ paper. Then, in section 3, we derive the systems of differential equa-

and(m + 1) price sealed-bid auctions. tions that characterize the Bayes-Nash equilibria that exist in the case
of bidders with different risk attitudes and valuation distributions;
1 Introduction first we analyze the case when the opponent models are not known

and then the case when they are known to all participants. We also
Auctions have become commonplace and they are used to trade @ftesent a specific example to illustrate how to compute the equilib-
kinds of commodity both between governments, companies, and prijum numerically; for the remaining cases we point the reader to the
vate individuals. Game theory is widely used in such multi-agenta|gorithm we presented in [10]. In section 4, we do the same for the

scenarios, as a way to model and predict the behavior of biddergzse when the bidder spite (or competitiveness) is not the same for
participating in these auctions. The scenarios normally analyzed ig)| pidders. Finally, we conclude.

the auction literature (and other related disciplines) assume in almost

all cases that the bidders participating in the auction are symmetric

in the sense that they have their parameters (i.e. their valuations fa@ The Multi-Unit Auction Setting

the goods they bid to buy) drawn from the same prior distributions ) ) ] ] )

and have the same utility model. There is very little work that relaxed" this section we formally describe the auction setting to be analyzed

this assumption. More specifically, [6] and [4] compute equilibria for and deflng the objectlye function that the agents wish to maximize.

auctions with asymmetric bidders with different prior distributions Ve @S0 give the notation that we use. o

from which their valuations are drawn, and an experimental evalua- N Particular, we will compute Bayes-Nash equilibria for sealed-

tion is conducted in [2]. t_)ld_auc_tlons whgrm > 1identical items are being sqld; these equi-
In this paper, we examine two important multi-unit auction sce-Pria will be defined by a set of strategigs, (v), which map the

narios that have been looked at in the auction literature: the case G9ENtS’ valuations; to bidsb;. These strategies are parameterized

bidders with any risk attitude, and of competitive bidders. In the ex-LY & Parametes;, which will indicate the model of agerit i.e. his

isting work, a symmetric model of all bidders has been assumedr;'SK attitude a_nd type of valuatlc_)ns_or his spite. _Thus we assume that

(i) they all have the same distribution from which their valuation is W0 agents will use the same bidding strategy, if they have thﬁ same

drawn and the same risk attitude thus using the same utility funcmodel (same parametey). The final price is determined by the

tion, and (ii) they all have the same competitiveness respectively. Fd?"ice rule, according to which the top bidders win one item each

; i t a price equal to thex'” highest (last winning) bid respectively.
example, in [5] and [3], cases where agents are not risk neutral, bil More specifically, we assume thaf indist?nguishable bidders

rather risk averse, are exgmined. In all instances, the agents are §§hereN > m) participate in the auction and each has a private val-
sumed to be risk averse in exactly the same way, and they all havgation (utility) ; for acquiring any orieof the traded items, which is
the same utility function, which maps profit to utility in exactly the known only to himself; these valuations are assumed to be indepen-
same way. In [1] and [9] a different kind of utility function is as- dent drawn from a distribution with cumulative distribution function

sumed; the bidders in this case not only wish to maximize their owr 640 Fa (v), which depends on the l_)ldciersHmoebe_l Furthermore,
profit, but they also wish to minimize the opponents’ profit; these two V¢ SSUMe thako,, (v) has support irjv;”, v;"], which means that
goals are weighted by the agent’s spite coefficient, which determines - - -
the relative importance assigned to these goals. In all this literature, We would like to point out that in the workshop paper [10] we presented

. . some initial work analyzing the cases when the opponent models are not
the model of all agents is the same, in the sense that they all use theyommon knowledge. In this paper, we include some corrections and sim-

same valuation distribution function, the same utility function, and plifications of that initial work, as well as the case when the models of all
the same spite coefficient. participants are known; furthermore, we extend the first case examined to
To extend these results, we introduce asymmetries in the bidders’ \'/r\‘IdUde not only asymmetric risk attitudes, but also asymmetric valuations.
L . ‘e make the assumption here that each bidder is interested in exactly one
models. However, unlike in [4], where the models of all bidders are jiem; this is a usual assumption made in the analysis of multi-unit auctions,
as the analysis even for self-interested risk-neutral bidders which are inter-
1 University of Southampton, UK, emaifiv,nrj} @ecs.soton.ac.uk ested in purchasing multiple copies of the item is an open problem.




Yo < vF v >of  F, (v) = 0.* Let @, be the profit of agent  For the specific case of the sét= {1, .. ‘(kT)n}: let us define:
(i.e.w; = 0, if it does not win an item, and; = v, — p;, if it does) o Pkm ={L...,m} . o
andp; is the total payment the agent must make to the auctioneekvhich is the set containing all the possible ways of selectirntj-
The agents have varying risk attitudes. The possible risk attitudes bderent numbers out of the set of numberthroughm. Finally, we
long to a family of utility functionsu.,, (), which are characterized by define the extensions of this definition:

the type (model}y; of each agent. Thus, we assume that the objec- P];{i} ={1,...,m} = {ih®
tive function (i.e. the total utility) that each agent tries to maximize m
depends only on his own gain, and is equal to: pk—{i«,j} —({1,...,m} - {i,jH®
Ui = a,; (W) which are thek-subset of all the numbetsthroughrm without count-

Some families of utility functions:. (x) used widely in economics ing any subsets containingands, j respectively).
are: ua(z) = z%a € (0,1) (CRRA), anduq(z) = 1 —
exp(—ax), a > 0 (CARA); both characterize risk-averse bidders. . . . .
TEﬂs mc)JdeI is the first scenario we analyze (in section 3), where Wé3 Asymmetrlc Valuations and Risk Attitudes ) )

examine self-interested agents with different risk attitudes and valud? this section, we assume that agents have asymmetric valuations
tion distributions. We examine two cases for this scenario. In the firstad risk attitudes. In section 3.1 we present the equations that char-
each agent has uncertainty not only for the opponents’ valuatigns acte_rlze the equnlbrlz_;\ vyhen e_ach bidder doesn’t know the model;
but also for their model (i.e. their parameters they know the prior  ©f his opponents, while in section 3.2, we present the same analysis
distribution (<) from which each opponent parameteis drawn, ~ When the models of all participants is common knowledge. At the
which is the probability that each participant is of a particular type®nd Of section 3.1, we give a specific example of how to derive the
.5 So even though each agent knows only it's own model, it car€auilibrium strategies (for the case of theorem 1) numerically.

make a probabilistic inference on the possible opponent models. |

the second case examined, the models of all participants are knowr??-l The Opponent Models Are Not Known
In the second scenario, the agents are now risk-neutral and theiin this section, we assume that each agent has uncertainty not only

valuations are drawn from the same distribution, but all agents arg,r the opponents’ valuations, but also for their models (i.e. risk atti-

competitive, rather than self-interested. This means that they not onl o - . : :
care about maximizing their profit, but also about minimizing the%ﬁdes and distributions of valuations). The possible risk attitudes and

profit of the opponents. We define the objective function of eachdistributions of valuations belong to a family of functions, which are
agent in the same way as in [1, 9]: characterized by an one dimensional paramatewhich is drawn

Ui =(1-0)t; —ay Z%‘ from a known probability distribution/). We therefore assume that

. JFe " . each agent knows its own valuatiow;, risk attitude functionu., ()
wherea; € [0, 1] is a parameter called theompetition (or spite) and the distributiond’,,, (v), as well as the distributioh(a) from

coefficient which denotes the degree of competition of aggnhe which models of the opponents, meaning the risk attitude functions

hlgh_er ILis the more th_e _agent cares about minimizing the opponen&(y() and distributionsF, (v), are drawn. We assume that the num-
profit, rather than maximizing his own.

We also use the following additional notation in the proofs: ber of possible models arg meaning that the possible models are
k—1 _ ) characterized by = a1, ..., ax.
Dp(z) = > C(N = 1,2V 171 —z)’ @ We initially present the system of equations that characterize the

where the notatior’(, k) is the total number of possible combi- €auilibrium and then show how to solve them.
nations ofk items chosen fromm. This formula is useful because, ho . . )
if Z(z) is the probability distribution of any opponent’s Hig, i.e. Theorem 1 In the case of amn'" price sealed-bid auction witfv

_ ) (k) ; th - participating bidders, in which each biddérs interested in purchas-
Z(w) = Problb; < ], and B is thek™ order stafistic of these 4 5ne unit of the good for sale with inherent utility (valuation) for

bids of the opponents, the(]?)the distribution/éf®) is: [8] that item equal tay;, which is drawn from¥,, (v), and has a risk at-
Prob|BY < a] = @4 (Z(x)) (@ titude described by utility function,, (), both of which describe his
VN, m, such thatV > m the following equations hold: [9] modelai (whereq; are i.l.d. rando_m variables drawn from d_i_stri_bu-
B () = (N = m) (@ () — Brm_i(2)) @) tion h(w)), strateg)llgai (_vi) constitutes a Bayes-Nash eq_unlbrlur_n,
. where(. () = g, (z) is the solution of the system of differential
), (2) = m(Pmyr (z) — @m(x))m 4) equations:
We will use equations 1 through 4 in the computation of the equi- Vo, (N=m) Y F'(Ca(®))C, (2)h(a) = (6)
I(;b;i.a. To reduce the size of some equations in the proofs, let us also a=aq,..,ax
efine:
! A®y, () = () — By 1 () (5) uly, (Cay () — ) T PG
We also need the following definition which will be used in the Ua; (Cay (2) = @) —ua, (0) ,_ 5 )

proofs of the equilibria when the models of all participants are comsit boundary conditionsy,, (vZ) = v% for all i such thatv” =
(o7} K3 - 3 7

mon knowledge: min; {v}'}. There are\ possible bidder models characterized by pa-

Definition 1 Given a setS (with all its elements being unique), let rametera = au, ..., ax.

us define the:-subsetS™®) of S to be the subset of its powerset

whose elements have cardinality< |S|. More formally: Proof. We assume that the equilibrium strategy is described by func-

tionsg. (v) which map the valuationsto bids for any of the possible

S®) = {s €29 :|s| = k} risk attitude functions.. (). We use this knowledge to determine the

T - - - —— T bids of the opponents and the expected profit that a bidglets from
For example, ifF; (v) is the uniform distributiori/[0, 1], thenv;” = 0 placing a bid equal té;. The distribution from which an opponent’s
andv]? = 1. If Fa, (v) is such thaw; can take values if0, +oc), then  bid b, is drawn has cdfProb[b; < z|a;] = Fu, (94, (), when his
vf = 0andv/” = +oo. We use these tight bounds to define the boundary risk attitude is described by functian,, (). Therefore, using Bayes’

conditions of some of the equilibria we will compute. . . .
5 Thush(«) is the probability that the opponent is of typeand this distribu- rule we compute this probability for any possible valuexgf

tion is assumed unique, although the results can be extended to continuous Problb; <z]= > Falgy'(z)h() Q]
distributions as well, as shown in [10]. a=aq,...,ay




The distribution of thekt" highest opponent bi®*), as there are
(N —1) opponents, is:

Prob[B®) < z] =@ Fa(ga_l(x))h(a)) ®)

-----

where®, () is given by equation 1.
We can now analyze the expected profit of bidddret b; be the

bid that he places in the auction. We distinguish the following cases:

() If b; < BU™, then bidder is outbid and doesn't win any items,
therefore his utility isu; = uq, (0).
@i f B™ < b < B™ D then bidderi has placed
the last winning bid. Thus the payment equals his bid and
his utility is wu; Ua; (Vi — b;). The probability of this
case happening isProb[B'™ < b, < B™)]
A(I)m ( Za:al,m,ax Fo (g;l(bz))h(a)) .
(iii) If B~V < p,, then bidderi is a winner, the payment is equal
to bid B~ and his utility isu; = ua, (v; — B ™). Note that:
P’rob[B(m D < w} = (I)m_1(za:al _____ ay Fa(gal(w))h(a)).
The expected utility of biddet, who places bid;, is:
EU(b:) =ua,(0)(1=®m( Y Floz'(b:)h(2))) (9

.....

Fua; (v = b)ACR (D Flgg ! (b:i)h(a)
+ / s 0 =) (Bt (YD Flor @)h(e) ) do

The bid which maximizes this expected utility, is found by setting:

we order them so that” < ...

0.7

BNE stategy (0=1/2)
Default stategy (a=1/2)
— — — BNE/Default stategy (a=1)

o
T

Bidding Strategy : g(v)
=

0.4 0.6 0.8
Valuation : v

.
0.2

Figure 1. Equilibrium strategieg(v) for anm*" price auction in which
bidders use the CRRA utility function(xz) = = and there is 0%
chance that the opponents are risk neutia{ 1) and a50% chance that
they are risk averse withh = % Also included are the default equilibrium
strategies (all the opponents have the same competition facerthe
bidder); in the case whem = 1, the default strategy is the same of the BNE
strategy, so it is not graphed separately. The valuaticar® drawn from the
uniform distributionU [0, 1]. The number of bidders & = 3 and the
number of items being sold & = 2.

assume thaty; are ordered based on the valueuwdf, meaning that

i < v¥. This assumption is crucial for
the following steps to work:

de 0. This becomes: (i) In order for this system to have a solution it must be:
o a L U G @ =2) e, (G (@) — )
(wa; (v; = b;) — ua, (0)) b, @m(a:a;”%f’(ga (bi)h(e)) ters (Cory (%) — ) — ter, (0) ey (Cony () — &) — Uy (0)13
=y, (v5 — b)) ADy . Z Flgz ' (b:)h(a)) (10) 'tl'hhézglgﬁz(s u_slt gn?oﬁﬁ))wggnt equations; differentiating each one of
. . c.v—a1. ..... ay . . C;I( ) =1+ (Cal(g;) — 1) (14)
Thus using equation 3 to simplify equation 10, we derive: uly (Co (@) =)ty (Cay (&) =) — ull (Cay (@) =) (ay(Cay (2) —) — ua,(0)
d -1 , L - g s
(N Zazar oy F0 GOE) | o, (i 2b) Gy () =20 (G () =) = (G ) =) a6y () —2) — e ()
oo, oy Flga (0i))he) oy (vi =bi) —uai(0) i s used to substitute al,, () with terms containing only.,, ()

This valueb; is equal tob; = ga, (vs), since it maximizes the ex-
pected utility FU; (b;). Using this substitution, we derive the system
of differential equations:

Fl (95 " (9a; (vi))
Yvi,a; 0 (N —m —S e " h(a) = 11
W=m) 2 e Ty @ T @D
o ) Fala DA

a=aq

.....

for all possible values af;, ;. The boundary conditions come from

in equation 13. Thus we derive a differential equatiégl() is equal

to a function of¢,, (), Vi, where(,, () can be computed fror., ()
using equation 13. This is solved by using the a standard Runge-
Kutta method, whose algorithm is presented in chapter 17 of [7], with
one modification: the values @f,, (),¢ = 2, ..., A are computed at
each step from the values @, () solving equation 13 using the
Bisection Method; see chapter 9 of [7] for this algorithm

(i) Because in step Ly is deflned forr € [ga; (v)), ga, (v)], we
need be careful wheqw, (z) > v or ., (z) < vH for anyi. For

the fact thatabldder with the lowest possible valuation that any bidsch values, it is7(Ca, () = 0 andF(ga,. (z)) = 1 respectively

der can have; = vl will always bidb; = =oF.
Now, to simplify these equations we make the following substitu-
tions:
(i) As the equations hold for alvv;,a;, therefore, if we set
a new variablex Ja; (vi), which takes values it €

[9a; (VF), ga, (0], we transform the equations to the following:
F'(ga ' (x))

vz, a0 (N —m) _ Z g&(ga_l(m))h(a) = (12)
), (9o, () — x) B
i F(g, (z))h(a
U '(g;'l(x) - z) — U, (0) a*a;qak (g ( )) ( )

i) By setting(a, (2 to be the inverse function ef., (), the equation
ecomes the system of equation#6.

b

Computing the Equilibrium Strategies The equations 6 seem

quite complex. Thus, we show in this section how to solve them. We

and alsoF’(¢a,(x)) = 0. When performing the simplification of
the previous step, we need to keep in mind this fact and that the
equations 13 only hold for values ofsuch that, () € [vf, UZHJ{
Example We give now a simple example of asymmetric risk atti-
tudes. We examine am'" price auction, withV = 3 bidders and
m = 2 items for sale, where there are two possible models of bidders
using the CRRA utility functioni (z) = x®, one wherex = 1 (risk
neutral bidder) and another whetie= 0.5 (risk averse), both with
probability 50%. In this example we have the following system of
equations (obtained from equations 13 and 6 by setting:) = =
for a;; = 0.5, 1 and probabilitieg:(0.5) = k(1) = 0.5):

1 0.5
@) =2 G5l s (15)
Q@+ s = —2  (Gs@+a)  (16)
Cos(x) —x



We present the equilibrium strategies in figure 1. It is |nterest|ngThe bid which maximizes this expected utility, is found by setting:
to note that the strategy for each asymmetric risk-averse bidder |s,dT = 0. This becomes:
in this example, identical to the case when all his opponents ar d , ; ;

. L oy (Vi—bi)—ua, (0)) = P (b;) = ul, (vi—b;) (®L, (bi)— DL, _1 (b;
equally risk-averse (the symmetric bidder case). However, when the" (vi=bi)—u 1(0))dbi (bi) =t (0 =bi) (@3 (b)) = P11 (81)
valuation is high enough that the risk-neutral opponents would never @1
outbid the risk-averse bidders, the latter increase their bids at a mucthis valueb, is equal tob; = ga, (vi) < v = ga(bs), since it
lower rate as the valuation increases. A similar effect is true for thenaximizes the expected utilitiU; (b;). Using this substitution, we
risk-seeking bidders as well. In fagtie can prove this observation, derive:
for cases of bidders with identical valuation distribution functions.

N d(Fag (o5 ! (5:))

- ( I Paptaa)s ) H ~ Fay, (95, (6)) =

For the case of afim + 1)*" price auction, it is still a (weakly)  7Z! P sepplig) nge
dominant strategy to bid truthfully, i.e. use the same strategy as in the
case when all the bidders use the same model: — i‘;) (bb)) 2 m (II Foy o) i) IT (1= Fa (95} 4:0))
) ) i . Yoy 9047, i) T Pi) T Yay {i} s jeEs
Fact 1 In the case of ar{m -+ 1)'" price sealed-bid auction with Pnlin 3% (22)
N participating bidders, in which each biddeis interested in pur-  Defining (o, (= ! (z), which means thag() are the inverse of
P pating P (), we derive ghe system of differential equations 17 for all possible

chasing one unit of the good for sale with inherent utility (valuation) 9

for that item equal tay;, and has a risk attitude described by utility values ofz = b; and for every agentwith modela;. The boundary
functionua, (), it is a (weakly) dominant strategy to bid truthfully: conditions come from the fact that a bidder with the lowest possible

b — v valuation that any bidder can have= v’ will always bidb; = v}
1 2.
|
This fact also holds for the case when the opponent models are
common knowledge, which is examined in the next section. Computing the solution of this system of differential equations as

well as the systems characterizing the equilibria of the next section
3.2 Common Knowledge Of The Opponent Models are done in the manner we described in [10].
In this section we examine the same setting as in the previous one,
with the difference that the models of all opponents are commorfi  Asymmetric Competitiveness
knowledge to all participants. In this section, we assume that agents have asymmetric competitive-
Theorem 2 Consider the same setting as that of theorem 1, with the ness (spite). In section 4.1 we present the equations that characterize
difference that the models; of all bidders are now common knowl- Ghe equilibria when each bidder doesn’t know the models of his op-
edge. Then, strategy., (v;) constitutes a Bayes-Nash equilibrium, ponents, while in section 4.2, we present the same analysis when the

wherel,(z) = ga'(z) is the solution of the system of differential models of all participants are common knowledge to all participants.
equations:

4.1 The Opponent Models Are Not Known

P (@) Fg (Ca (@) _2%7, N (}};Ifau@au @ 116- Fay, (Cay (=) = In this section, we assume that each agent has uncertainty not only

L SEP e Dy . .

ket moLN pig for the opponents’ valuations, but also for how competitive they are.
uly; Cay (@) — ) S (T ) oy o) TT = F (o, (o00) The competitiveness of an agent is characterized by his competition

(o (Cay (@) = @) —uay ) _ “Tip g o (Cog (7)) L (17 (o coefficienta;, which takes values ifD, 1], which is drawn from a

moLN g 7) known probability distributiorh(cr). We therefore assume that each
with boundary conditionsy.,, (vS) = v{ for all i such thatv? = agent: knows its own valuatiorv; and competition coefficient;,
min; {ij}, and also the distributiong' andh from which the valuations; and

Proof. Similar to the proof of theorem 1. we compute that the distri competition coefficients; of the other agents are drawn. We assume
bution from which thg bid; of an opponént with rrﬁ)odeij is drawn that the number of possible models aremeaning that the possible

has cdf:Probly; < wla,] = Fa, (g(:;(x))_ Now, bidderi faces bidder types have competitiveness= a1, ..., ax.

(]_V N 1)_ opponenttsh, V‘_/h'Ch arg th(ek>ager{ts e N_} = {i} T_he Theorem 3 In the case of amn!”* price sealed-bid auction withV
distribution of thek™™ highest bidB;™’ among the bids of agen’s parti((j;ipating ﬁiSk_neUtral bidd?r?‘, in wr&kf;h eaICh bi%deff inter- |
‘i _ (k) ici . ested In purchasing one unit of the good for sale with inherent utility
opponents @’“(I) Prob[B;"" < z]. This is computed as: (valuation) for that item equal to;, and has a competition coefficient
_ Z 3 (H Fay (952 (2)) T (1 = Fay ( ,1(93)))) a;, wherev; and a; are i.i.d. random variables drawn from distri-
= [GERSTE o3 ey ics @ \Joj butions F(v) and h(«) respectively, strategy., (v;) constitutes a
“reer U I Bayes-Nash equilibrium, whetg,, (z) = g, (z) is the solution of

(18)  the system of differential tions:
The derivative of this equation is: e system of differential equations

1—am
adi (@) N d(Fa; (a5} (@) - F(Ca(z))h(a) = 23
B > J > (I Fa, (gaL(-L)) IIa- FQ}L(QQH(‘L)))) N—-—m a*(yz o (Cal@))h(e) (23)
e i=1 e cp {13} négs nes (19) T A
e k—1,N p#i,j

Y @ F (Ca(®) (Cale) — 2 = aia(@) + aila(@)) h(a)

Q1,00

Using the same reasoning as in theorem 1, we compute the expected_
utility of bidder ¢, who places bid;, as:

EUL(b;) =, (0) (1 — %, ;) 20)  With boundary conditionsya, (v) = v{’, V.
Fta; (vi = bi) (D7, (bs) — D71 (b3) Proof. We assume that the equilibrium strategy is described by func-
4 /biu w)i (@6, 1 (b)) dw tions g, (v) which map the valuationsto bids for any of the compe-
@ dw MmN tition factorsc.. We will use this knowledge to determine the bids of



the opponents and the expected profit that a biddgts from plac-
ing a bid equal td;. The distributions of any one opponent lbigd
and of thek*" highest opponent bi®) are given from equations 7
and 8 (use the same reasoning as in theorem 1). Now, biduds
b;, the bid that maximizes his objective function on expectation.
Let C be the sum (on expectation) of ther — 1) opponent valu-
ations that produced the top — 1 winning bids. Since in all cases
that we will examine, whether biddérwins or not, we know that
the opponents with the topn — 1) bids will each win an item, we
know that they will gain this amour@ from doing so. This value is
a constant and does not depend on thebbidiVe will mostly ignore

this term in the rest of the computations. .
Depending on the bi#;, we need to consider the following cases:

(i) When B{™ > b;, bidder; does not win any item and the closing
price isB(™). Therefore biddei's gain is0 and the opponents make

a gain from gaining an extra item (the‘™), in addition to the(m—1)
items that they always win (this was counted in the constant V&@jue

We must compute the expected gain obtained by getting this extra

item. Let us assume that the actual valuedf®) = z. This is equal

to a bid submitted by an agent (w.l.0.g. assume this is afefhen

b; = x and we want to find out the expectation of the value of the
valuatlonv] that generated this bid for all possible valueswf Let

us denote this bV (z) = E(v;|b; = x). For a particular value of
aj, i.e. whena; = «, we know that; = g5 ' (z) and this happens
with probability Problb; = z|a; = o] = “LF(g;"(2)). Using
Bayes rule we can compute the valuelﬁ(v] |b = ac) being equal
oo,y 9o (@) 4 Fga (2))h(a) .

Za:al axFl9a (@)h(a)

Lay do (

They also must make total paymentsf3(™). The total addition
expected utility for biddet in this case is hence:

— > Pl @)h(a)d
a=aq,..., (25)

(i) When B(™=1 > b, > B pidder: wins an item and the
closing price ish;. Therefore bldders gain isv; — b; and the oppo-
nents paym — 1)b; for the items that they win. The total additional
expected utility for biddet is:

3 Floa

AUz = ((1—az)(vi—bi) o (m—1)b; ) Ay,

EV(z) =

AU = oai/oo (mw—EV(w))

i

(@m (

ax

L(b:)h ()
(26)
(iii) When b; > B(™~1 | bidder; wins an item and the closing price

is B™~1_ Therefore biddef's gain isv; — B{™~Y and the oppo-

nents must paym — 1) B~ for the items that they purchase. The
total additional expected utility for biddeétin this case is:

)

AU3*/ (1= ai)(vi —w) + a;(m — 1)w) @n
0
%@m_l( o Floa (@)h(a)))dw

=] yenny

The total expected utility for bidderwhen considering all possi-
bilities is therefore EU; (b;) = —a;C + AUy + AUz + AUs. To
find the value ofv; that maximizes the expected utilifgU; (b; ), we

set?2Ubi) — . We then get:

N

(1= am)A®y (> Flgz'(bi)h(a)) = (28)
QA=Y .., 00
('Ui —b; —av; + aiEV(bi)) d?) (‘I’m( Z F(g;l(bi))h(a)))
QA=Y yeeey Q)
By using equation 3 to simplify equation 28, we get:
LS Rl )ha) = (29)

,,,,,

6 We mean additional to the fact that the agent always loses uiilitysince
its opponents always gain a val@efrom the top(m — 1) items.

d
db;

NN

—b; — av; + alEV(bl))

>

(vi
a=aq,..

Since strategy. (v) gives the equnlbrlum strategy, then it must be
the case that the value of that maximizes the total utility is given

by ga(v), i.€. thath; = ga (vi) < v; = g5 ' (b;). Using this fact and
equation 24 to substitute in equation 29, we get:

Looim S~ p(gr (b)) =

N—m
a=qQq,...,a)

(gaigiz( 1 (b1) — bs — g (bs) + g (b:)) )

SettingCa, (z) = g4, (z), we derive the system of differential
equations 23 for all possible valuesof= b; and for every agent
with modela;. We select the boundary conditign(v;) = v;, based
on the fact that this boundary condition holds when all the agents
have the same competition facterva. (see [9]) R

—=F(ga ' (bi)h(a)

(30)

Theorem 4 In the case of arfm + 1)" price sealed-bid auction

with IV participating risk-neutral bidders, in which each biddeis
interested in purchasing one unit of the good for sale with inherent
utility (valuation) for that item equal te;, and has a competition
coefficienta;, wherev; and «; are i.i.d. random variables drawn
from distributionsF'(v) andh(«) respectively, strategy., (v;) con-
stitutes a Bayes-Nash equilibrium, whefg (z) = g,/ (z) is the
solution of the system of differential equations:

Vi, o 1 —ay (1 - Z F(Ca(x))h(a)) = (31)
> G@F Ca@)(92 (@) — 2 — aigy ' () + aia(@)) h(a)

.....

with boundary conditionsga, (v) = v, Vau.

Proof. This proof as well as the proof of theorem 6 are omitted due
to space

4.2 Common Knowledge Of The Opponent Models

In this section we examine the same setting as in the previous one,
with the difference that the models of all opponents are common
knowledge. We initially examine the setting whereraff* price auc-

tion is used:

Theorem 5 Consider the same setting as that of theorem 3, with the
difference that the modets; of all bidders are now common knowl-
edge. Then, strategy., (v;) constitutes a Bayes-Nash equilibrium,
wherel.(z) = g5 '(z) is the solution of the system of differential
equations:

Zc (@) F' (Cay ())) (i (2) — @ = @iCay, (2) + @iCa; (2)):
J#t
> (TIFCan @) TT( = FlCan @) =
gEpm{%ljj}v “/;%SJ HESs
t—am) > ([]FCa, @) [0~ FC,@)) (62
sep U} it i

with boundary conditionsg., (v¥) = vF, Va;.

Proof. Similar to the proof of theorem 3, we compute that the dis-
tribution from which the bidb; of an opponent with modek; is
drawn has cdfProbb; < z|a;] = F(g;jl(x)). Now, bidder: faces
(N — 1) opponents, which are the agedts ..., N} — {i}. The
distribution of thek‘" highest bidBi(’“) among the bids of agenis



opponents igb% (z) = Prob[Bfk) < z], which is given by equa-

tion 18, and the pdf of this distribution by equation 19. We compute

the expected utility of bidder, who places bid;, as:
EUz(bz) = —o;C + AU, + AU, + AUz, where:

AU, = a¢/ (mw—@in(w)f (33)
by dw
N AR5 (@) \ 1
> 95 mdij (TIFGoq, @) TI (= Flag ) (@)))dw
j=1 w —{i,j Es <
:;‘;éi SEPm{—i{I}V/L‘fi,j e

AUz = (1= a3)(vi =) +ai(m—1)bg) (@3, (bi) = By, 1 (b)) (34)

b; .
AU = /0 (1 = ) (v — w) + ai(m — 1)w) %cp:n,l(w)dw (35)

In order to compute equations 34 and 35, we used the same reasq

ing as in theorem 3; these cover that cases that thé;lid bidder
i is respectively then'” highest bid and higher than the'” bid,

and therefore, in both cases, the bidder wins an item. Equation 3

represents the case thatis less than then'" highest opponent bid

S (TTF o @) TT0 = PG, @) =

i} ngs p€s
SEP DTN uting

—amm 37 (T]Fo; @) 10 = F(Ga, @)

—{i} Jé¢s JEs
SEPLN i

(36)

with boundary conditionsg., (v’) = v/, Va,.

5 Conclusions
In this paper, we examined asymmetric bidder models both in risk
attitudes, valuations and competitiveness. We gave the systems of
differential equations that characterize the Bayes-Nash equilibria in
these cases, both when the models of all bidders are common knowl-
éng as well as when there is uncertainty about the models of the
opponents. We examined both settings wher@ and (m + 1)**
grice auctions are being used.

There are still a number of issues we are currently pursuing.
The foremost of these is that we are exploring different methods

in which caseAU, is «; times the difference of the expected pay-
ments made by the opponents minus the expected gain of the opp
nent who placed thex* highest bid from getting the item; the first
term is computed as in theorem 3. The second term is computed
not only examining the probability of the!” highest opponent bid
being equal tav < b;, but also conditional on the fact that this bid

of solving the systems of differential equations which characterize
fhe equilibria of this paper. In this paper, we did not present how to
solve these equations, other than the example of section 3.1. Our
br)ésearch has concluded that these particular systems of differential
equations are inherently unstable around the point specified by the

was placed by a particular opponepntwe account for all possible

opponentg and thus derive the second term of equation 33.

To find the value ofv; that maximizes the expected utility

EUi(b), we set?Z3:00 — 0. We then get:

d
(v = by — ajvy) —— @y, (b)) + ay-
db;

N dF(ag () . .

> a0 (i) ———L—— (IIFoq, ) 10— Flag, (8:))))db;
i=1 i cp—lid} ngs u€s

KE m—1,N p#i,j

= (1= a;m)(®L, (b)) — BL, 1 (b))

This valueb; is equal tob; = ga, (vi) < vi = g4, (bs), since it

maximizes the expected utilitigU; (b;). Using this substitution and

using equations 18 and 19, we derive:

d(F(g;jl(bi)))

db;

N
D2 (sa; (00) = by = oo ) + eggq ()
~ 7

j=1
i

> (IIFGate)) II0 = Flag) 6)))db;
erpbi gy

=1 —a;m) > (II Fog @ IT (1 = Flag [ v)))
ep—Li}  jds ’ j€s J
SEP 1IN j#i

Defining (s, (z) = g4, (z), which means thaf() are the inverse

of g(), we derive the system of differential equations 32 for all pos-

sible values ofr = b; and for every agent with model ;. The

boundary condition ig., (v) = v, as in the case when the oppo-

nent models are not knowll.

Theorem 6 Consider the same setting as that of theorem 4, with the
difference that the modets; of all bidders are now common knowl-
edge. Then, strategy., (v;) constitutes a Bayes-Nash equilibrium,

where(, (z) = g5 '(z) is the solution of the system of differential [10]

equations:

N
Z oy (@) F' (Cay (2))) (Ca; (2) — @ — @i, (2) + @iCa; (2)):

Jj#i

boundary conditions. Therefore, when using methods based on the
Taylor expansion, such as the Runge-Kutta variant we presented
in [10], which can solve all these systems, it is not guaranteed that
a solution will be found, even if one exists, exactly due to this
instability. To this end, we are currently working also with symbolic
solutions to these equations, which give the solutions of the systems
presented in this paper, but are less general than the equivalent
numerical methods. This will allow us to examine the cases when
these solutions exist. Furthermore, it is clear that being able to
analyze auctions with asymmetric bidders will facilitate the analysis
of a number of real world scenarios; for example, we are examining
the application of our results to service procuring scenarios.
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