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In this paper, we examine two important multi-unit auction scenarios that have been looked at in the
auction literature: the case of bidders having any risk attitude, and of competitive bidders who are not
simply self-interested, but also wish to beat the other participants. In the existing work, a symmetric
model of all bidders has been assumed; they all have the same risk attitude and the same competitiveness
respectively. We extend the existing literature by relaxing this assumption and allowing each bidder to
have a risk attitude (resp. competitiveness) that is potentially different from others, and which is
known a priori only to himself. For these cases, we examine the Bayes-Nash equilibria in both mth and
(m+1)th price sealed-bid auctions. We then present a method and an algorithm for solving the systems
of differential equations which characterize the Bayes-Nash equilibria and computing the equilibrium
strategies.

Categories and Subject Descriptors: I.2.11 [ARTIFICIAL INTELLIGENCE ]: Intelligent Agents

1. INTRODUCTION

Auctions have become commonplace and they are used to trade all kinds of commodity both
between governments and companies, as well as private individuals. Game theory is widely used
in such multi-agent scenarios, as a way to model and predict the behavior of bidders participating
in these auctions. The scenarios normally analyzed in the auction literature assume in almost all
cases that the bidders participating in the auction are symmetric in the sense that they have their
parameters (i.e. their valuations for the goods they bid to buy) drawn from the same prior distri-
butions and have the same utility model. There is very little work that relaxes this assumption.
More specifically, [Maskin and Riley 2000] and [Lebrun 1999] compute equilibria for auctions
with asymmetric bidders with different prior distributions from which their valuations are drawn,
and an experimental evaluation is conducted in [Gutha et al. 2005].

In this paper, we examine two important multi-unit auction scenarios that have been looked at
in the auction literature: the case of bidders with any risk attitude, and of competitive bidders.
In the existing work, a symmetric model of all bidders has been assumed; they all have the same
risk attitude thus using the same utility function, and they all have the same competitiveness
respectively. For example, in [Liu et al. 2003] and [Krishna 2002], cases where agents are not
risk neutral, but rather risk averse, are examined. In all instances, the agents are assumed to
be risk averse in exactly the same way, and they all have the same utility function, which maps
profit to utility in exactly the same way. In [Brandt et al. 2007] and [Vetsikas and Jennings
2007] a different kind of utility function is assumed; the bidders in this case not only wish to
maximize their own profit, but they also wish to minimize the opponents’ profit; these two goals
are weighted by the agent’s spite coefficient, which determines the relative importance assigned
to these goals. In both papers, the model of the agents is the same, in the sense that they all use
the same utility function, and the same spite coefficient.

To extend these results, we introduce asymmetries in the bidders’ models. However, unlike
in [Lebrun 1999], where the models of all bidders are common knowledge, here we assume that
each bidder only knows his own model, i.e. his utility function (resp. spite coefficient), in the
case of bidders not being risk neutral, and that the opponents use a variety of models each with
a certain known probability. For example, a bidder knows how competitive he is, but not how
competitive the opponents are; he does know however that there is a certain chance associated
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with each opponent using a particular model (i.e. competition coefficient in this case).
This paper is organized as follows. In the next section, we formally present the model and the

notation that will be used in this paper. Then, in sections 3 and 4, we derive the systems of differ-
ential equations that characterize the Bayes-Nash equilibria that exist in the case of uncertainty
in the opponents risk attitude and their competitiveness respectively. As these systems of differ-
ential equations are quite complicated and they don’t correspond precisely to any system with
a known solution, in section 5 we show how to generate the equilibria; we provide a methodol-
ogy (and algorithms) for solving systems of differential equations such as these. We give three
examples. We start with a simpler example with competitiveness uncertainty in section 5.1 and
then, we present our methodology in section 5.2, and use it to compute a more complicated case
in section 5.3. Then, we show how the methodology is used to compute the equilibrium strategy
when there is uncertainty in the bidders’ risk attitudes in section 5.4. Finally, we conclude.

2. THE MULTI-UNIT AUCTION SETTING

In this section we formally describe the auction setting to be analyzed and define the objective
function that the agents wish to maximize. We also give the notation that we use.

In particular, we will compute Bayes-Nash equilibria for sealed-bid auctions wherem ≥ 1
identical items are being sold; these equilibria will be defined by a set of strategiesgα(v), which
map the agents’ valuationsvi to bidsbi. These strategies are parameterized by a parameterα,
which will indicate the model of the agent, i.e. his risk attitude, or his competitiveness factor
(depending on the scenario that we examine). Thus we assume that two agents will use the same
bidding strategy, if they have the same model (same parameterα). The two most common multi-
unit auction settings are themth and(m + 1)th price auctions, in which the topm bidders win
one item each at a price equal to themth and(m + 1)th highest bid respectively.

More specifically, we assume thatN indistinguishable bidders (whereN ≥ m) participate
in the auction and each has a private valuation (utility)vi for acquiring any one1 of the traded
items, which is known only to himself; these valuations are assumed to be i.i.d. drawn from a
distribution with cumulative distribution function (cdf)F (v), which is the same for all bidders.
Furthermore, we assume thatF (v) has support in[vl, vh], which means that∀v < vl ∨ v >
vh : F ′(v) = 0.2 Let ũi be the profit of agenti (i.e. ũi = 0, if it does not win an item, and
ũi = vi − pi, if it does) andpi is the total payment the agent must make to the auctioneer.
Each agent has uncertainty not only for the opponents’ valuationsvj , but also for their model
(i.e. their parametersαj). They know however the prior distributionH(α) from which each
opponent parameterα is drawn. So even though each agent knows only it’s own model, it can
make a probabilistic inference on the possible opponent models.

In the first scenario (analyzed in section 3), we examine self-interested agents with varying
risk attitudes. The possible risk attitudes belong to a family of utility functionsuα(), which are
characterized by the parameterα. Thus, we assume that the objective function (i.e. the total
utility) that each agent tries to maximize depends only on his own gainũi, and is equal to:

Ui = uαi(eui)

Some families of utility functionsuα(x) used widely in economics are:uα(x) = xα, α ∈ (0, 1)
(CRRA), anduα(x) = 1 − exp(−αx), α > 0 (CARA), both of which indicate risk-averse
bidders.

In the second scenario, the agents are now risk-neutral, but they are competitive, rather than
self-interested. This means that they not only care about maximizing their profit, but also about
minimizing the profit of the opponents. We define the objective function of each agent in the

1We make the assumption here that each bidder is interested in exactly one item; this is a usual assumption made in
the analysis of multi-unit auctions, as the analysis even for self-interested risk-neutral bidders which are interested in
purchasing multiple copies of the item is an open problem.
2For example, ifF (u) is the uniform distributionU [0, 1], thenvl = 0 andvh = 1. If F (v) is such thatvi can take
values in[0, +∞), thenvl = 0 andvh = +∞. We use these tight bounds to define the boundary conditions of some of
the equilibria we will compute.
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same way as in [Brandt et al. 2007; Vetsikas and Jennings 2007]:

Ui = (1− αi)eui − αi

X
j 6=i

euj

whereαi ∈ [0, 1] is a parameter called thecompetition (or spite) coefficient, which denotes the
degree of competition of agenti; the higher it is the more the agent cares about minimizing the
opponent profit, rather than maximizing his own.

We also use the following additional notation in the proofs:

Φk(x) =

k−1X
i=0

C(N − 1, i)xN−1−i(1− x)i (1)

where the notationC(n, k) is the total number of possible combinations ofk items chosen from
n. This formula is useful because, ifZ(x) is the probability distribution of any opponent’s bid
bj , i.e. Z(x) = Prob[bj ≤ x], andB(k) is thekth order statistic of these bids of the opponents,
then the distribution ofB(k) is: [Rice 1995]

Prob[B(k) ≤ x] = Φk(Z(x)) (2)

As shown in [Vetsikas and Jennings 2007], for allN andm, such thatN ≥ m the following
equations hold:

Φ′m(x) = (N −m)
�
Φm(x)− Φm−1(x)

� 1

x
(3)

Φ′m(x) = m
�
Φm+1(x)− Φm(x)

� 1

1− x
(4)

We will use equations 1, 2 and 3 in the computation of the equilibria. To reduce the size of some
equations in the proofs, let us also define:

∆Φm(x) = Φm(x)− Φm−1(x) (5)

3. EQUILIBRIA WHEN OPPONENT RISK ATTITUDES ARE NOT KNOWN

In this section, we assume that each agent has uncertainty not only for the opponents’ valuations,
but also for their risk attitudes. The possible risk attitudes belong to a family of functions, which
are characterized by an one dimensional parameterα, which is drawn from a known probability
distribution (H). We therefore assume that each agenti knows its own valuationvi and risk
attitude functionuαi(), and also the distributionsF (v) andH(α) from which the valuationsv
and risk attitude functionsuα() of the other agents are drawn.

THEOREM 1. In the case of anmth price sealed-bid auction withN participating bidders,
in which each bidderi is interested in purchasing one unit of the good for sale with inherent
utility (valuation) for that item equal tovi, and has a risk attitude described by utility function
uαi(), wherevi and αi are i.i.d. random variables drawn from distributionsF (v) and H(α)
respectively, strategygαi(vi) constitutes a Bayes-Nash equilibrium, wheregαi(vi) is the solution
of the system of differential equations:

∀vi, αi : (N −m)

Z +∞

−∞

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi(vi)))

H ′(α)dα = (6)

u′αi
(vi − gαi(vi))

uαi(vi − gαi(vi))− uαi(0)

Z +∞

−∞
F (g−1

α (gαi(vi)))H
′(α)dα

with boundary conditions:gαi(vl) = vl, ∀αi.

PROOF. We assume that the equilibrium strategy is described by functionsgα(v) which map
the valuationsv to bids for any of the possible risk attitude functionsuα(). We use this knowledge
to determine the bids of the opponents and the expected profit that a bidderi gets from placing a
bid equal tobi. The distribution from which an opponent’s bidbj is drawn has cdf:Prob[bj ≤
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x|αj ] = F (g−1
αj

(x)), when his risk attitude is described by functionuαj
(). Therefore, using

Bayes’ rule we compute this probability for any possible value ofαj :

Prob[bj ≤ x] =
∫ +∞

−∞
F (g−1

α (x))H ′(α)dα (7)

The distribution of thekth highest opponent bidB(k), as there are(N − 1) opponents, is :

Prob[B(k) ≤ x] = Φk

(∫ +∞

−∞
F (g−1

α (x))H ′(α)dα
)

(8)

whereΦk(x) is given by equation 1.
We can now analyze the expected profit of bidderi. Let bi be the bid that he places in the

auction. We distinguish the following cases:
(i) If bi < B(m), then bidderi is outbid and doesn’t win any items, therefore his utility is

ui = uαi(0).
(ii) If B(m) ≤ bi ≤ B(m−1), then bidderi has placed the last winning bid. Thus the payment

equals his bid and his utility isui = uαi(vi − bi). The probability of this case happening is:
Prob[B(m) ≤ bi ≤ B(m−1)] = ∆Φm

( ∫ +∞
−∞ F (g−1

α (bi))H ′(α)dα
)
.

(iii) If B(m−1) < bi, then bidderi is a winner, the payment is equal to bidB(m−1) and his util-

ity is ui = uαi(vi−B(m−1)). Note that:Prob[B(m−1) ≤ ω] = Φm−1

( ∫ +∞
−∞ F (g−1

α (ω))H ′(α)dα
)

.

The expected utility of bidderi, who places bidbi, is:

Eui(bi) =uαi(0)
�
1− Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

��
+uαi(vi − bi)∆Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
+

Z bi

0

uαi(vi − ω)
d

dω

�
Φm−1

� Z +∞

−∞
F (g−1

α (ω))H ′(α)dα
��

dω (9)

The bid which maximizes this expected utility, is found by setting:dEui

dbi
= 0. This becomes:

(uαi(vi − bi)− uαi(0))
d

dbi
Φm

( ∫ +∞

−∞
F (g−1

α (bi))H ′(α)dα
)

= u′αi
(vi − bi)∆Φm

( ∫ +∞

−∞
F (g−1

α (bi))H ′(α)dα
)

Using equation 3, to simplify this equation, we derive:

(N −m)

d
dbi

� R+∞
−∞ F (g−1

α (bi))H
′(α)dα

�R+∞
−∞ F (g−1

α (bi))H′(α)dα
=

u′αi
(vi − bi)

uαi (vi − bi)− uαi (0)

This valuebi is equal tobi = gαi(vi), since it maximizes the expected utilityEui(bi). Using
this substitution, we derive the system of differential equations 6 for all possible values ofvi, αi.
The boundary conditions come from the fact that a bidder with valuationvi = vl (i.e. the lowest
possible valuation) will always bidbi = vl.

COROLLARY 1. In the case thatH(α) is (or can be approximated by) a discrete distribution,
which has support inXH ,3 the system of differential equations 6 becomes:

∀vi, αi : (N −m)
∑

α∈XH

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi(vi)))

h(α) = (10)

3Thush : XH → [0, 1], whereXH = {α|h(α) > 0}.
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u′αi
(vi − gαi

(vi))
uαi

(vi − gαi
(vi))− uαi

(0)

∑

α∈XH

F (g−1
α (gαi

(vi)))h(α)

whereh(x) = Prob[α = x] is the (discrete) probability function of the distributionH.

For the case of an(m + 1)th price auction, it is still a (weakly) dominant strategy to bid
truthfully, i.e. use the same strategy as in the case when all the bidders use the same model:

FACT 1. In the case of an(m + 1)th price sealed-bid auction withN participating bidders,
in which each bidderi is interested in purchasing one unit of the good for sale with inherent
utility (valuation) for that item equal tovi, and has a risk attitude described by utility function
uαi

(), it is a (weakly) dominant strategy to bid truthfully :bi = vi.

4. EQUILIBRIA WHEN OPPONENT COMPETITIVENESS ARE NOT KNOWN

In this section, we assume that each agent has uncertainty not only for the opponents’ valuations,
but also for how competitive they are. The competitiveness of an agent is characterized by his
competition coefficientαi, which takes values in[0, 1], which is drawn from a known probabil-
ity distribution H(α). We therefore assume that each agenti knows its own valuationvi and
competition coefficientαi, and also the distributionsF andH from which the valuations and
competition coefficients of the other agents are drawn.

THEOREM 2. In the case of anmth price sealed-bid auction withN participating risk-
neutral bidders, in which each bidderi is interested in purchasing one unit of the good for
sale with inherent utility (valuation) for that item equal tovi, and has a competition coefficient
αi, wherevi and αi are i.i.d. random variables drawn from distributionsF (v) and H(α) re-
spectively, strategygαi(vi) constitutes a Bayes-Nash equilibrium, wheregαi(vi) is the solution
of the system of differential equations:

∀vi, αi :
1− αim

N −m

Z +∞

−∞
F (g−1

α (gαi(vi)))H
′(α)dα = (11)Z +∞

−∞

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi(vi)))

�
vi − gαi(vi)− αivi + αig

−1
α (gαi(vi))

�
H ′(α)dα

with boundary conditions:gαi(vl) = vl, ∀αi.

PROOF. We assume that the equilibrium strategy is described by functionsgα(v) which map
the valuationsv to bids for any of the competition factorsα. We will use this knowledge to
determine the bids of the opponents and the expected profit that a bidderi gets from placing a
bid equal tobi. The distributions of any one opponent bidbj and of thekth highest opponent bid
B(k) are given from equations 7 and 8 (use the same reasoning as in theorem 1). Now, bidderi
bidsbi, the bid that maximizes his objective function on expectation.

Let C be the sum (on expectation) of the(m − 1) opponent valuations that produced the top
m − 1 winning bids. Since in all cases that we will examine, whether bidderi wins or not, we
know that the opponents with the top(m− 1) bids will each win an item, we know that they will
gain this amountC from doing so. This value is a constant and does not depend on the bidbi.
We will mostly ignore this term in the rest of the computations.

Depending on the bidbi, we need to consider the following three cases:
(i) WhenB(m) > bi, bidderi does not win any item and the closing price isB(m). Therefore

bidder i’s gain is0 and the opponents make a gain from gaining an extra item (themth), in
addition to the(m − 1) items that they always win (this was counted in the constant valueC).
We must compute the expected gain obtained by getting this extra item. Let us assume that the
actual value ofB(m) = x. This is equal to a bid submitted by an agent (w.l.o.g. assume this is
agentj). Thenbj = x and we want to find out the expectation of the value of the valuationvj that
generated this bid for all possible values ofαj . Let us denote this byEV (x) = E(vj |bj = x).
For a particular value ofαj , i.e. whenαj = α, we know thatvj = g−1

α (x) and this happens with
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probabilityProb[bj = x|αj = α] = d
dxF (g−1

α (x)). Using Bayes rule we can compute the value
of E(vj |bj = x) being equal to:

EV (x) =

R+∞
−∞ g−1

α (x) d
dx

F (g−1
α (x))H′(α)dαR+∞

−∞
d

dx
F (g−1

α (x))H′(α)dα
(12)

They also must make total payments ofmB(m). The total additional4 expected utility for bidder
i in this case is hence:

∆U1 = αi

Z ∞

bi

�
mω − EV (ω)

� d

dω

�
Φm(

Z +∞

−∞
F (g−1

α (ω))H ′(α)dα)
�
dω (13)

(ii) When B(m−1) > bi ≥ B(m), bidderi wins an item and the closing price isbi. Therefore
bidderi’s gain isvi − bi and the opponents pay(m− 1)bi for the items that they win. The total
additional expected utility for bidderi is:

∆U2 =
�
(1− αi)(vi − bi) + αi(m− 1)bi

�
∆Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
(14)

(iii) When bi ≥ B(m−1), bidderi wins an item and the closing price isB(m−1). Therefore
bidderi’s gain isvi − B(m−1) and the opponents must pay(m − 1)B(m−1) for the items that
they purchase. The total additional expected utility for bidderi in this case is:

∆U3 =

Z bi

0

�
(1− αi)(vi − ω) + αi(m− 1)ω

� d

dω

�
Φm−1(

Z +∞

−∞
F (g−1

α (ω))H ′(α)dα)
�
dω (15)

The total expected utility for bidderi when considering all possibilities is therefore:EUi(bi) =
−αiC+∆U1+∆U2+∆U3. To find the value ofvi that maximizes the expected utilityEUi(bi),
we setdEUi(bi)

dbi
= 0. We then get:

(1− αim)∆Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
= (16)

�
vi − bi − αivi + αiEV (bi)

� d

dbi

�
Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

��
By using equation 3 to simplify equation 16, we get:

1− αim

N −m

Z +∞

−∞
F (g−1

α (bi))H
′(α)dα = (17)

�
vi − bi − αivi + αiEV (bi)

� Z +∞

−∞

d

dbi
F (g−1

α (bi))H
′(α)dα

Since strategygα(v) gives the equilibrium strategy, then it must be the case that the value of
bi that maximizes the total utility is given bygα(v) (i.e. thatbi = gα(vi)). Using this fact and
equation 12 to substitute in equation 17, we get equation 11.

We select the boundary conditiongα(vl) = vl, based on the fact that this boundary condition
holds when all the agents have the same competition factorα, ∀α.5 (see [Vetsikas and Jennings
2007])

4We mean additional to the fact that the agent always loses utilityαC, since its opponents always gain a valueC from
the top(m− 1) items.
5As it is necessary to know the value ofgα(v),∀α at the same point̂v, we selected this boundary condition, but we still
need to double check that it produces the correct equilibria.
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COROLLARY 2. In the case thatH(α) is (or can be approximated by) a discrete distribution,
which has support inXH , the system of differential equations 11 becomes:

∀vi, αi :
1− αim

N −m

∑

α∈XH

F (g−1
α (gαi(vi)))h(α) = (18)

∑

α∈XH

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi

(vi)))

(
vi − gαi(vi)− αivi + αig

−1
α (gαi(vi))

)
h(α)

whereh(x) = Prob[α = x] is the (discrete) probability function of the distributionH.

THEOREM 3. In the case of an(m+1)th price sealed-bid auction withN participating risk-
neutral bidders, in which each bidderi is interested in purchasing one unit of the good for sale
with inherent utility (valuation) for that item equal tovi, and has a competition coefficientαi,
wherevi andαi are i.i.d. random variables drawn from distributionsF (v) andH(α) respec-
tively, strategygαi

(vi) constitutes a Bayes-Nash equilibrium, wheregαi
(vi) is the solution of the

system of differential equations:

∀vi, αi : −αi

�
1−

Z +∞

−∞
F (g−1

α (gαi(vi)))H
′(α)dα

�
= (19)Z +∞

−∞

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi(vi)))

�
vi − gαi(vi)− αivi + αig

−1
α (gαi(vi))

�
H ′(α)dα

with boundary conditions:gαi(vh) = vh,∀αi.

PROOF. Once more, we assume that the equilibrium strategy is described by functionsgα(v)
which map the valuationsv to bids for any of the competition factorsα. We will use this knowl-
edge to determine the bids of the opponents and the expected profit that a bidderi gets from
placing a bid equal tobi. The distributions of any one opponent bidbj and of thekth highest
opponent bidB(k) are given from equations 7 and 8 (use the same reasoning as in theorem 1).
Now, bidderi bidsbi, the bid that maximizes his objective function on expectation.

Let C be the sum (on expectation) of them opponent valuations that produced the topm
winning bids. In most of the cases that we will examine (when bidderi does not win), the
opponents with the topm bids will each win an item, and they will gain this amountC from doing
so. This value is a constant and does not depend on the bidbi. In the case that bidderi outbids
the competition (case iii below), then we will subtract the expected valuation that produced the
mth highest opponent bid from the opponents’ gain in order to compensate.

Depending on the bidbi, we need to consider the following three cases:
(i) When B(m+1) > bi, bidder i does not win any item and the closing price isB(m+1).

Therefore bidderi’s gain is0 and the opponents must make total payments ofmB(m+1). The
total additional expected utility for bidderi in this case is hence:

∆U1 = αi

Z ∞

bi

mω
d

dω

�
Φm+1(

Z +∞

−∞
F (g−1

α (ω))H ′(α)dα)
�
dω (20)

(ii) When B(m) > bi ≥ B(m+1), bidderi does not win and the closing price isbi. Therefore
bidderi’s gain is0 and the opponents must paymbi for the items that they purchase. The total
additional expected utility for bidderi in this case is:

∆U2 = αimbi∆Φm+1

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
(21)

(iii) When bi ≥ B(m), bidderi wins an item and the closing price isB(m). Therefore bidder
i’s gain isvi −B(m) and the opponents must pay(m− 1)B(m) for the items that they purchase.
We also need to subtract the valuation of themth highest bidB(m) from the total gain of the
opponents, since they only won(m − 1) items. This expected utilityEV (x), whenB(m) = x,
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is given by equation 12. Thus the total additional utility in this case is:

∆U3 =

Z bi

0

�
(1− αi)(vi − ω) + αi((m− 1)ω + EV (ω))

� d

dω

�
Φm(

Z +∞

−∞
F (g−1

α (ω))H ′(α)dα)
�
dω

(22)

The total expected utility for bidderi when considering all possibilities is therefore:EUi(bi) =
−αiC+∆U1+∆U2+∆U3. To find the value ofvi that maximizes the expected utilityEUi(bi),
we setdEUi(bi)

dbi
= 0. We then get:

−αim∆Φm+1

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
= (23)

�
vi − bi − αivi + αiEV (bi)

� d

dbi

�
Φm

� Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

��
By using equation 4 to simplify equation 23, we get:

−αi

�
1−

Z +∞

−∞
F (g−1

α (bi))H
′(α)dα

�
= (24)

�
vi − bi − αivi + αiEV (bi)

� Z +∞

−∞

d

dbi
F (g−1

α (bi))H
′(α)dα

Since strategygα(v) gives the equilibrium strategy, then it must be the case that the value of
bi that maximizes the total utility is given bygα(v) (i.e. thatbi = gα(vi)). Using this fact and
equation 12 to substitute in equation 24, we get equation 19.

To select the appropriate boundary condition one should note that when everyone else bids
g(vh) = vh, then no one bidderj with valuevj = vh can gain more utility by increasing his bid
bj abovevh. Also we know that when bidderj hasαj = 0, he bids truthfully, and whenα > 0,
he bids at least his true value. Thus a bidder with valuevj = vh, will bid bj = vh; thus we get
the boundary condition.

COROLLARY 3. In the case thatH(α) is (or can be approximated by) a discrete distribution,
which has support inXH , the system of differential equations 19 becomes:

∀vi, αi : −αi

(
1−

∑

α∈XH

F (g−1
α (gαi(vi)))h(α)

)
= (25)

∑

α∈XH

F ′(g−1
α (gαi(vi)))

g′α(g−1
α (gαi(vi)))

(
vi − gαi(vi)− αivi + αig

−1
α (gαi(vi))

)
h(α)

whereh(x) = Prob[α = x] is the (discrete) probability function of the distributionH.

5. THE METHODOLOGY FOR COMPUTING THE BAYES-NASH EQUILIBRIA

In this section, we demonstrate how to solve the differential equations of the theorems presented
in the previous sections. In particular, we show how to compute the equilibria using some rep-
resentative cases. Initially, we give an example, in section 5.1, where the system of differen-
tial equations can be decomposed immediately and solved using standard differential equation
solvers. Then, in section 5.2, we give a method and an algorithm based on that method for solv-
ing the general system of differential equations in cases where it cannot be decomposed. We then
use this method in section 5.3, in order to solve a general example. Then, we the methodology
to compute the equilibrium strategy of an example where there is uncertainty in the bidders’ risk
attitudes in section 5.4. Note that, while the algorithm and method themselves would work for
any distribution in the way we describe, in the specific examples used in this section, we will
chooseF (v) to be the uniform distributionU [0, 1].
ACM Journal Name, Vol. V, No. N, Month 20YY.
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5.1 Example 1: Asymmetric Competitiveness

We begin with a simple example. We analyze the case of an(m + 1)th price auction. In this
instance the number of biddersN and of the items soldm does not matter for the equilibrium
strategy. We are going to assume that there are two possible types and thus a bidder can be either
self-interested (α = 0), with probability (1 − p), or be competitive to some specified degree
(which is characterized by coefficientα > 0), with probabilityp.

Since equation 25 must hold∀αi, we setαi = 0 andαi = α in it. Settingαi = 0 eventually
givesg0(v) = v. This was expected as a self-interested bidder participating in an(m+1)th price
auction has (weakly) dominant strategy to bid truthfully.[Krishna 2002] Therefore our analysis
yields the expected result in this case. Now, we can use the fact that a self-interested bidder bids
truthfully, to simplify the equation obtained from 25 when settingαi = α. In the end the solution
is given by the differential equation: (for∀α, p ∈ [0, 1])

g
′
α(v) = p

(
α

(1− p)gα(v) + p v − 1
v − gα(v)

− (1− p)(1− α)
)−1

(26)

Thus:

gα(v) = βv + 1− β (27)

where:

β =
1− α− 2 p +

√
1− 2 α + α2 + 4 α p

2 (1− p)
(28)

This is the unique equilibrium for this setting, and it exists for∀α, p ∈ [0, 1]. It is interesting
to note that a bidder with coefficientα will bid more in this case, in which there is a chance to go
up against bidders which are strictly self-interested (i.e.α = 0), than when all bidders have the
sameα.6 This can be explained by the following fact: because the opponents have a chance to bid
truthfully and therefore less than the bidders withα > 0, the closing price would be decreased
and this would make opponents pay less and thus make more profit. Thus the competitive bidders
would bid higher to counteract this effect.

5.2 An Methodology for Computing the Equilibria in the General Case

In the previous section the solution of the system of differential equations was made easy by the
fact that there were only two possible bidder models and in one of them the bidders were bidding
truthfully. In the general setting, this will not happen. By examining the system of differential
equations that need to be solved in corollaries 1, 2 and 3, we note that all of them have the same
general form:7

Ψj,1

(
g−1

α1
(gαj (vi)), . . . , g−1

αλ
(gαj (vi))

)

g′α1
(g−1

α1 (gαj (vi)))
+ . . . +

Ψj,λ

(
g−1

α1
(gαj (vi)), . . . , g−1

αλ
(gαj (vi))

)

g′αλ
(g−1

αλ (gαj (vi)))
=

Ψj,0

(
gαj (vi), g−1

α1
(gαj (vi)) . . . , g−1

αλ
(gαj (vi))

)
,∀j = 1, . . . , λ (29)

whereΦj,k() can be any function with the arguments noted in the formulas. In order to solve
this system, we need to separate the derivativesg′αk

().8 We can thus decompose this system into
a system that has similarities with the standard systems of ordinary differential equations that an
algorithm like the Euler (or the Runge-Kutta) method would solve.

The methodology we propose for solving any system like this has the following steps:

6In this latter case the bidding strategy isgα(v) = v+α
1+α

.[Vetsikas and Jennings 2007]
7Let the system of differential equations be of sizeλ× λ.
8Based on related ongoing work that we have been conducting, we note that systems of this form are generated also in
other problems, like e.g. in the scenario where bidders can have multi-unit demand.
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(1) As these equations hold∀vi ∈ [vl, vh], we can substitute in each equationvi with a new
variablezi : zi = gαj

(vi), ∀zi ∈ [gαj
(vl), gαj

(vh)]. Note thatαj is equal to that which
generated the particular equation from the general formula. E.g. in equation 31 of the
example of the next section, we make the substitutionzi = g1(vi).

(2) In the new equations the derivativesg
′
αj

() appear in the form 1
g′αj

(g−1
αj

(zi))
. The system

of differential equations is linear in these variables and therefore, we can solve it to get
equations, each one of which only has one of the derivatives of the bidding functionsg′αj

().

(3) Now we once more change the variables of the new equations usingyi = g−1
αj

(zi); we do
each transformation in the corresponding equation that computes the derivativeg′αj

().

(4) The final system is in the formg′αj
(yi) = Fαj

(
yi, gαj

(yi), g−1
αk

(gαj
(yi))︸ ︷︷ ︸

∀k 6=j

)
, whereFαj

()

is some function of the variablesyi, gαj
(yi) and g−1

αk
(gαj

(yi)),∀k 6= j. The boundary
conditions aregαj

(R) = R.9 Additionally the minimum and maximum values obtained by
each variableyi are the same as those ofvi. Let us define the maximum attainable value
asR̃. Now this system resembles vaguely the form solved by the Euler method. Inspired
by this, we modify the Euler method and propose the following algorithm for solving this
system:10

(a) Initialization: Setxj = R, ∀j andgj(R) = R.

(b) While not done do
{

(c) choosej : j = arg min gj(xj) andxj < R̃

(d) gj(xj + h) = gj(xj) + h · Fαj

(
xj , gj(xj), g−1

k (gj(xj))︸ ︷︷ ︸
∀k 6=j

)

(e) xj = xj + h
}

This algorithm works because in line (d), we can use a linear interpolation, using the val-
ues ofgk() that we have computed previously in the algorithm, to find the value of any
g−1

k (gj(xj)),∀k 6= j. Note that we do indeed have all the necessary values ofgk(), and this
is due to the way that we select eachj in line (c).

5.3 Example 2: A General Example of Asymmetric Competitiveness

We will use a specific example, that of anmth price auction, withN = 3 bidders andm = 2
items for sale, where there are two possible models, one whereα = 0 andα = 0.5, both with
probability 50%, to demonstrate the method (algorithm) presented in the previous section. In
this example we have the following system of differential equations (obtained from equation 25
by settingαi = 0, 0.5 for probabilitiesh(0) = h(0.5) = 0.5):

g−1
0 (g0(vi)) + g−1

0.5(g0(vi)) =
vi − g0(vi)

g′0(g
−1
0 (g0(vi)))

+
vi − g0(vi)

g′0.5(g
−1
0.5(g0(vi)))

(30)

0 =
vi − g0.5(vi)− 0.5vi + 0.5g−1

0 (g0.5(vi))

g′0(g
−1
0 (g0.5(vi)))

+
vi − g0.5(vi)− 0.5vi + 0.5g−1

0.5(g0.5(vi))

g′0.5(g
−1
0.5(g0.5(vi)))

(31)

Note that these hold∀v ∈ {vl, vh}.
Now we will use the methodology and the algorithm of the previous section in order to solve

the system of differential equations. First, we apply the transformation described by step (1) in

9We need to have the boundary condition defined at the same pointR for all αj .
10Note that this algorithm is given for a positive step sizeh > 0. In case the boundary condition is such that we need
to use a negative step size, we need to change the loop to select thej with the highest (rather than the lowest) argument
gαj (xj). Additionally, R̃ now represents the lowest value attained byyi (andvi).
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Fig. 1. Equilibrium strategiesg(v) for an mth price auction in which there is a50% chance that the opponents are
strictly self-interested (α = 0) and a50% chance that they are competitive withα = 1

2
. The equilibrium strategy is

different depending on whether the bidder hasα = 0 or α = 1
2

. Also included are the default equilibrium strategies
(all the opponents have the same competition factorα as the bidder). The valuationsv are drawn from the uniform
distributionU [0, 1]. The number of bidders isN = 3 and the number of items being sold ism = 2.

order to get:

g−1
0 (zi) + g−1

0.5(zi) =
g−1
0 (zi)− zi

g′0(g
−1
0 (zi))

+
g−1
0 (zi)− zi

g′0.5(g
−1
0.5(zi))

(32)

0 =
0.5g−1

0.5(zi) + 0.5g−1
0 (zi)− zi

g′0(g
−1
0 (zi))

+
g−1
0.5(zi)− zi

g′0.5(g
−1
0.5(zi))

(33)

Solving the linear system as described by step (2) yields:

g′0(g
−1
0 (zi)) =

1

2

g−1
0 (zi)− zi

g−1
0.5(zi) + g−1

0 (zi)

g−1
0 (zi)− g−1

0.5(zi)

zi − g−1
0.5(zi)

(34)

g′0.5(g
−1
0.5(zi)) =

1

2

g−1
0 (zi)− zi

g−1
0.5(zi) + g−1

0 (zi)

g−1
0 (zi)− g−1

0.5(zi)

0.5g−1
0.5(zi) + 0.5g−1

0 (zi)− zi

(35)

After this, we get the final system by applying the transformation described by step (3):

g′0(yi) =
1

2

yi − g0(yi)

g−1
0.5(g0(yi)) + yi

yi − g−1
0.5(g0(yi))

g0(yi)− g−1
0.5(g0(yi))

(36)

g′0.5(yi) =
1

2

g−1
0 (g0.5(yi))− g0.5(yi)

yi + g−1
0 (g0.5(yi))

g−1
0 (g0.5(yi))− yi

0.5yi + 0.5g−1
0 (g0.5(yi))− g0.5(yi)

(37)

Now these equations give the functionsFj() used in the algorithm. After running the algo-
rithm we obtain the solution graphed in figure 1.11 Examining the solution, we notice that both
types of bidders actually bid more than they would in the case when they faced bidders of the
same type as them. The self-interested agents (α = 0) bid more than in the case when they

11We would like to point out that the algorithm is quite sensitive (i.e. not stable) to the initial points set in it. Unfor-
tunately, it is a common problem when solving numerically the differential equations that describe equilibria in pretty
much any auction scenario, that the boundary conditions at the start of the computation need to be moved slightly from
those bounds in order to be able to run the differential equation solvers. In most other auction settings though, this is not
a problem as the process is fairly stable, however, in this setting, it is not, and thus, depending on the initial conditions
set in it, we’ve noticed that the end result could change somewhat. This is an issue that we are currently trying to resolve.
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Fig. 2. Equilibrium strategiesg(v) for anmth price auction in which bidders use the CRRA utility functionu(x) = xα

and there is a50% chance that the opponents are risk neutral (α = 1) and a50% chance that they are risk averse with
α = 1

2
. Also included are the default equilibrium strategies (all the opponents have the same competition factorα as

the bidder); in the case whenα = 1, the default strategy is the same of the BNE strategy, so it is not graphed separately.
The valuationsv are drawn from the uniform distributionU [0, 1]. The number of bidders isN = 3 and the number of
items being sold ism = 2.

only face other self-interested agents, because some of the opponents now bid higher. On the
other hand, the competitive agents (α = 1

2 ) also bid more than before, because now some of
the opponents are self-interested and bid lower; however, once they reach the maximum bid that
the self-interested opponents will ever place, as they only have to face fewer opponents all with
α = 1

2 beyond that point, the rate of bid increase is significantly decreased.

5.4 Example 3: Asymmetric Risk Attitudes

We now apply our methodology for solving these systems to the system of corollary 1. By
applying the first transformation (step 1), we get∀zi, αi that:

(N −m)
X

α∈XH

F ′(g−1
α (zi))

g′α(g−1
α (zi))

h(α) =
u′αi

(g−1
αi

(zi)− zi)

uαi(g
−1
αi (zi)− zi)− uαi(0)

X
α∈XH

F (g−1
α (zi))h(α) (38)

In order for this system to have a solution it must be:

u′α1(g
−1
α1 (z)− z)

uα1(g
−1
α1 (z)− z)− uαi(0)

= . . . =
u′αλ

(g−1
αλ

(z)− z)

uαλ(g−1
αλ (z)− z)− uαλ(0)

(39)

This gives(λ − 1) independent equations which we can use to substitute allg
′
αi

() with one of
them, i.e.g

′
α1

() using the following formula which is derived from equation 39:

1

g′αi
(g−1

αi (z))
= 1 + (

1

g′α1(g
−1
α1 (z))

− 1)· (40)

u′αi
(g−1

αi
(z)− z)u′α1

(g−1
α1

(z)− z)− u′′α1
(g−1

α1
(z)− z)(uαi(g

−1
αi

(z)− z)− uαi(0))
u′α1

(g−1
α1 (z)− z)u′αi

(g−1
αi (z)− z)− u′′αi

(g−1
αi (z)− z)(uα1(g

−1
α1 (z)− z)− uα1(0))

Now, in equation 38, for the specific valueαi = α1, we substitute the terms 1
g′αi

(g−1
αi

(z))
using

equation 40, for all valuesi = 2, . . . , λ. Thus the final differential equation only contains term
1

g′α1
(g−1

α1 (z))
. By applying step 3 of the methodology and making the substitutiony = g−1

α1
(z),

the final differential equation computes termg′α1
(y). This term’s computation (see step (d) of

our algorithm) in this differential equation uses the values ofg−1
αi

(gα1(y)). These values are
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derived from this equation (which follows from equation 39 when we make the substitution
y = g−1

α1
(z)):

u′αi
(g−1

αi
(gα1(y))− gα1(y))

uαi(g
−1
αi (gα1(y))− gα1(y))− uαi(0)

=
u′α1(y − gα1(y))

uα1(y − gα1(y))− uαi(0)
(41)

Sincey andgα1(y) are known we can solve this equation to get the value ofg−1
αi

(gα1(y)). We
used the Bisection Method to accomplish this, which is slow but safe in that a solution is always
found; we take the algorithm from chapter 9 of [Press et al. 2007], where there are many other
methods that could be alternatively used.

We give now a simple example of asymmetric risk attitudes. We examine anmth price auction,
with N = 3 bidders andm = 2 items for sale, where there are two possible models of bidders
using the CRRA utility functionuα(x) = xα, one whereα = 1 (risk neutral bidder) and another
whereα = 0.5 (risk averse), both with probability50%. In this example we have the following
system of equations (obtained from equations 39 and 38 by settinguα(x) = xα for αi = 0.5, 1
and probabilitiesh(0.5) = h(1) = 0.5):

1

g−1
1 (z)− z

=
0.5

g−1
0.5(z)− z

(42)

1

g′1(g
−1
1 (z))

+
1

g′0.5(g
−1
0.5(z))

=
0.5

g−1
0.5(z)− z

(g−1
0.5(z) + g−1

1 (z)) (43)

We present the equilibrium strategies in figure 2. It is interesting to note that the strategy for
risk-neutral bidders is, in this example, identical to the case when all the bidders are risk-neutral.
A similar effect is true for the risk-averse bidders as well, in that for most valuations, the bids
are identical; however, when the valuation is high enough that the risk-neutral opponents would
never outbid the risk-averse bidders, the latter increase their bids at a much lower rate as the
valuation increases.

6. CONCLUSIONS

In this paper, we examined asymmetric bidder models both in risk attitudes and competitiveness.
More specifically, we assumed that each bidder only knows its own model, which is how com-
petitive he is or which is his utility function, and that the opponents use a variety of models (for
their risk attitudes or their competitiveness) each with a certain probability. We gave a theoret-
ical analysis and derived the systems of differential equations that characterize the Bayes-Nash
equilibria that exist in both these cases. This was the primary contribution of the paper. As these
systems of differential equations are quite complicated, we also provided a methodology (and an
algorithm) for solving these systems, which constitutes our second contribution.

There are still a number of issues we are currently pursuing. First, we are trying to improve the
stability of the solutions we generate, which is still an issue with our algorithm. Furthermore, we
are currently pursuing research into other auction issues, e.g. bidders with multi-unit demand,
where the same methodology and algorithm (albeit with some extensions) to those we presented
here seem to be able to generate solutions to those problems as well.
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