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ABSTRACT search in this area has so far only addressed the problem faced by a
multi-product monopolist offering single items or bundles of items

at fixed prices [1, 12]. While this setting is somewhat different
to the one that we consider, this work shows that the bundling of

that while bundling the items together into a single lot is effective fgoogs C?]nb)/'eld an |nc:ease in revelnue., even Wh.?n lthe items of-
at reducing listing costs, it also results in a loss in auction revenue. f€r€d exhibit non-complementary valuations. Similarly, more re-

To address this loss we introduce a novel bundling strategy, that cent_ work on the_ b“f‘_d"”g of |_nformat|on goods on the internet,
we callpick-a-bundlethat can be implemented within any existing 292in shows profitability even in the absence of network external-
auction format. We show, mainly using simulations, that this new |t|es_ or e(_:cr)]no(;g[gs of slcale [2, 3].h_J?]h_(HIa_I. .[|2007] examr:ne a
bundling strategy generates greater expected revenue than the competting with additive valuations, which Is similar to ours, however
plete bundle of all items, and, by inducing additional competition as the _au_thors point out n their co_ncl_us_lon_s, t_helr results do _not
between bidders, it usually generates greater expected revenue tha ork within “standard auctions”. This limitation is also present in

using separate auctions for each item. In order for our agent to ac-he corgpléter_ shc_ler;]ce Ilteraturef, whet:_e the _bllmdlm_g of items 'stf'
curately and efficiently calculate its expected revenue when using €M Studied within the context of combinatorial auctions (see [5] for

our new strategy, we derive a novel polynomial time algorithm for a review). Furthermore, .this work has largely addressed th.e issue
calculating the probability distributions of the sum of the top order of complementary yaluatlons, and has pr_oposed novel auction pro-
statistics of i.i.d. variables drawn from any arbitrary distribution. tocols that allow bidders to express their preferences for specific
Furthermore, we include in our analysis the strategic behaviour, in Pundies of goods [13, 4, 6, 11]. While such results are useful to the

terms of bid shading, that the buyers may consider in our new auc- designers of new online or real-world auctions, they do not help a
tion format seller who is attempting to use an existing auction format (such as

the English auctions of eBay or the sealed bid second price auction)

in which bidders may only submit bids on the lot offered (and not
1. INTRODUCTION on subsets of items).
The bundling of a number of heterogeneous items into a single lot  Against this background, in this paper we consider for the first
is a common strategy when sellers participate in auctions. For ex-time the effects of bundling non-complementary goedthin a
ample, within an online auction, such eBay.comor taobao.com standard auction format Our goal is to develop an autonomous
sellers may bundle together a small number of low cost items, such auction agenthat can advise on, and ultimately automate, the pro-
as DVDs or computer games, in order to avoid incurring separate cess of selling multiple heterogeneous items within such online
listing fees. Likewise, in traditional auctions it is common to find auctions. To this end, we present a novel bundling strategy, that
furniture items bundled together into a single lot in order to reduce we call pick-a-bundlgin which a seller lists a set of items and an-
the time overhead (and cost) involved in selling each item sepa- nounces a bundle size, and the buyers bid for the right to select a
rately. number of items from this set, which is equal to the bundle Size;

While the cost saving of bundling items together is self-evident the remaining items, which were not selected by the winner in his

in the examples described above, these savings must be set againgiundle, are then sold in a second round of separate auctions. For
the effect that bundling has on the expected revenue of the auc-example, five DVDs may be listed and a bundle size of three might
tion. Specifically, when the items being sold exhibit complemen- be announced, thus the winner of the auction would select the three
tary valuations (i.e. the valuation of the bundle is greater than the DVDs that he would like to receive and the remaining two would
sum of the valuations of each individual item) then the rationale be sold in a second round of separate auctions afterwards.
for bundling is clear. However, the formal economic literature has  The design of our pick-a-bundle auction is informed by the in-
little to say regarding the seller’s revenue when bundling items that tuition that bundling items will in general reduce the transaction or
exhibit non-complementary valuations within auctions (as in the
example of a bundle of DVDs described above). In particular, re- *We specifically consider a sealed bid second price auction in our

analysis, but due to the revenue equivalence theorem, our results

Cite as: Title, Author(s), Proc. of 8th Int. Conf. on Autonomous gpply.to any efficient auction protocol. ,
Agents and Multiagent Systems (AAMAS 200@)ker, Sichman, The idea of choosing the top valued items has also been used in [9,
Sierra and Castelfranchi (eds.), May, 10-15, 2009, Budapest, Hungary, pp.17]- However, in these settings, the prices are fixed. Furthermore,
XXX-XXX. information goods can be copied, whereas in our setting the fact
Copyright(€) 2009, International Foundation for Autonomous Agents and  that the bidders are competing for limited unclonable resources is
Multiagent Systems (www.ifaamas.org). All rights reserved. what creates additional revenue.

In this paper, we consider the design of an agent that is able to
autonomously make optimal bundling decisions when selling mul-
tiple heterogeneous items withéxistingonline auctions. We show




listing fees of the seller, but by offering just a subset of the items In section 5 we present the algorithm for computing the expected
to the buyer, it will also induce competition between bidders who revenue without simulations, for the case of similar items. In sec-
may actually prefer different items. This second factor has been tion 6 we examine the effect of the second round of auctions on the
observed in real world auctions that are sometimes used to sell abuyers’ bids. In section 7 we generate empirical results that, unlike
number of individual apartments within an apartment block. Here, those of section 4, take the effect of bid shading into account; the
rather than bidding for individual apartments, the buyers bid for the algorithm of figure 2 is also used to generate the results without the
opportunity to select one of the remaining remaining unsold apart- need for simulations. Finally, we conclude.
ments. This procedure generates competition between bidders who
prefer different apartments, and results in increased revenue for the
seller [Personal communication from Michael H. Rothkopf, 2007]. <* PROBLEM STATEMENT
We show that the same factors influence our pick-a-bundle auc- In this section we formally describe the auction setting to be ana-
tion, and show that it generates greater expected revenue than ayzed and the auction format choices that a seller has in order to
auction where all items are included in a single bundle, and more- maximize her revenue. First, however, we introduce the basic no-
over, in the vast majority of the cases examined, it also generatestation. We assume that a seller has> 1 items to sell. There
greater expected revenue than selling each item in separate singlearen buyers interested in purchasing some of these items. The
item auctions. Thus, in more detail, this paper makes the following valuationw;; of item i to each biddeyj is drawn from a known
contributions: distribution with probability density function (pdf;(u), and as-
sociated cumulative density function (cdfj(u). The exact valu-
e We prove that the standard bundling strategy, in which multi- - ationsu,;, Vi are known only to the bidderhimself. These distri-
ple items are sold together in a single bundle, generates, with putions represent the prior knowledge available to all participants
few exceptions, less revenue than separate single-item auc-ahout the valuations of the other agents in the auction and are com-
tions (proposition 1). We address the loss of revenue incurred mon knowledge to afl. We assume that; () take non-zero values
in this complete bundle auction by describing our novel pick- in [0, L], and thus foivu < 0 andVu > L, itis fi(u) = 0, Vi.
a-bundle format. Contrary to pre-existing work on bundling, = Although there is nothing to limit the applicability of our exper-
this format can be implemented within any existing standard imental results to any distribution, in the experiments we assume
auction as it does not require a redesign of the auctiovie that the item valuations and corresponding bids take discrete val-
motivate our decision, by showing theoretically that there al- yes. This represents no loss in accuracy since in all real auctions
ways exists a pick-a-bundle auction which generates greater pidders can only place bids that are whole denominations of the
revenue than selling the items separately (proposition 2).  currency used (i.e. a bid can't 6.3 pence, but rather eithés or
o We empirically evaluate our new bundling strategy through 96 pence). Given this, the distributiorfg(u) u_sed, are discrete, and
can take values = 0, ..., L. In our analysis, we assume that the

zmg?ﬁ:: 'Sgngr;?;g;hf:_;tte%ar;irciitg2Sg;ﬁzt;reegggcﬁiﬁersm\_/alue of items is additive, meaning that a set of items is worth the
P 9 s P sum of the individual item valuations; this is a result of the limited

dle (regardless of whether listing costs are taken into ac- ber of Its in the |i bout how bidders bid i f

count). number of results in the literature about how bidders bid in cases o

complementary and substitutable items (they don't bid truthfully),

e We then address the problem that the aforementioned simu- Which makes it impossible to analyze the expected revenue in such
lations scale poorly as the the size of the problem (i.e. the cases.
number of items and bidders) increases. In order to calcu- Sellers sell the items in second price auctions (i.e. auctions in
late, rather than simulate, the expected revenue of the pick- which the top bidder is awarded the item for sale, and the payment
a-bundle auction, in the cases where the items are relatively is equal to the second highest bid). These auctions are incentive
similar* we propose a novel polynomial time algorithm (sec- compatible, and thus we assume that bidders place bids equal to
tion 5) for calculating the probability distributions of the sum ~ their true valuations [10]. Because of the revenue equivalence the-
of the top order statistics of i.i.d. variables drawn from arbi- 0orem, our results are also valid in cases that a first price auction
trary discrete distributions. would be used (or indeed any other efficient auction mechanism).

Finally, we assume that the seller has a certain degree of freedom

¢ Finally, we examine how the presence of the second round when she sets up the auction; even though the auction format must
of auctions for selling the remaining items, which were not follow that of the online or traditional auction house being used
selected by the winner of the pick-a-bundle, affects the bids (i.e. in our case it must be a sealed bid second price auction). In
of the buyers. While in some cases, the bids will not be af- particular, the good for sale is determined by the seller, and thus,
fected (claim 1), in some others the buyers are going to shade instead of selling a single item, bundles of items may also be listed.
(reduce) their bids. We compute these bids and integrate this  In real world auctions, there is ofteristing costassociated with
effect into our analysis of the pick-a-bundle revenue and our this auction which is levied on the buyer, the seller or both. In our
experiments. experiments we assume a fixed listing césextracted from the

The remainder of this paper proceeds as follows: In section 2 we 5These valuations can model a wide variety of scenarios, simply
formalize the problem setting. In section 3 we describe and moti- by selecting the correct distribution. For example, the distribution
vate the pick-a-bundle strategy, before discussing how to optimize could incorporate the value of a potential resale by selecting the
its performance (by selecting the optimal bundle size) in section 4. item valuations (given by the distribution) to be equal to the resale
value in the cases when the actual bidder value from keeping the
SWhile we have specifically addressed the needs of an autonomoustem is lower than the resale value.
auction agenthere, we note that all the results of this paper are °0n eBay, for example, sometimes a seller will offer to sell substi-
also of immediate use to current sellers using existing traditional or tutable items, like “choose a black or a white iPod”. In such cases,
online auctions. the analysis is much easier than in our model, because here bid-
“We assume that they have the same prior distributjpte) (de- ders are interested in exactly one item; in our model they could be
fined in section 2). interested in buying both.




seller's revenue for each auction that is conducted. This is inspired
from the actual listing costs levied by online auction houses such
as eBay, which charge a listing cost consisting of a fixedfeend

In order to address this loss in revenue, we proposepak-
a-bundlestrategy. Under this scheme, the seller advertisesall
items that are for sale, but each buyer bids for the right to buy

a percentage cost (which can be ignored as it reduces the revenuef these items (wherk < m). The winner of the auction informs

in all cases by the same percentagje).

3. THE BUNDLING STRATEGY

A seller with multiple items for sale may choose to do seépa-
rate auctions each selling a single iterAnother option, which is

the seller which are thé items that it actually wants to receive
(i.e. thek items that have the highest valuations for that agent).
The remaining items, which are not selected, still need to be sold
by the seller, and this is done by having another round of separate
single-item auction8. Note that the case when = m is exactly

the complete bundle auction, which is why the complete bundle is a

the main bundling technique used by sellers on sites such as eBayspeciaI case of pick-a-bundle. However, wies 1, this is not the

is to offer acomplete bundl®f items for sale; the winning bid-
der gets all of the items listed. This is usually done in order to

same as selling in separate auctions, because there is one auction
in which the highest valuation among all agents for all items wins,

reduce the listing costs. However, as we show below (for the case 5 then the leftover items are sold in separate auctions.

of identical distributionsf; (v)), the complete bundle generates less
revenue, except in the case of few bidders:

Proposition 1 For a symmetric distributiory (u), when the item
distributions f;(uv) = f(u), Vi, an auction for a complete bundle
of m items, andn separate single-item auctions generate the same
expected revenue for the seller when thererare 3 bidders, more

for n = 2 bidders, and less for every other casex* 3 bidders).

PROOF(SKETCH). Due to space constraints, we only present
here the proof for the case when= 3. The proofs for the other
cases (whem = 2 andn > 3) follow some of the same steps

The intuition behind our bundling strategy is clear. By reduc-
ing the size of the bundle compared to the complete bundle, the
magnitude of the revenue loss due to the fact that a seller might
be primarily interested in only some of the items is reduced. At
the same time, the preference of different subsets of items by dif-
ferent bidders also induces additional competition into the auction,
as buyers interested in different subsets of items will now compete
against each other. This leads our pick-a-bundle auction to outper-
form both the complete and the separate single-item auctions in the
vast majority of settings we examined.

In fact we can further motivate this approach even before we

as the part of the proof presented here and also use the observadiscuss how to evaluate the different auction settings:

tion that taking the convolution of a pdf with itself (any number of
times) will concentrate the probability mass towards the mean of
the distribution and that the effect is more pronounced as the num-
ber of convolutions performed increases. Also note that sfnise
symmetric, itisf(u) = f(L — u),Vu € [0, L], and the cdf is thus
F(u)=1- F(L —u),Yu € [0, L].

Now, whenn = 3 bidders participate, the expected revenue from
each single-item auctioRsin ¢, is the expected value of tipad
order statistic (the second highest valuation) of the valuation that
each of the3 bidders have for that item. This can be computed to be

equal toRingte = L— [ (F?(u) +3F2(u)(1— F(u)))du = £

91

and can be seen to be equal to the mean of the original symmetric

distribution with pdff (u).

Furthermore, ify(v) andG () are the pdf and cdf respectively of
the distribution of the sum of: i.i.d. random variables which are
drawn from distributionf (u), then, sincef(u) is symmetric, we
know thatg(u) must also be symmetric. Using the same reasoning
as in the case of distributiofiabove, we deduce that the expected
revenue from selling the complete bund®g...q. is equal to the
mean of distributiony(v), which is equal toRyunaie = 5% =
m - Rsingle. Therefore the expected revenue in both cases is the
same. [

Proposition 2 For any distributionsf; (v), using the pick-a-bundle
auction, wherk = 1 item is chosen, will always generate the same
or more revenue than separate auctions each selling one of these
items.

PROOF. Let u; ; be the valuation that bidderhas for thej*"
item. In the pick-a-bundle auction with bundle size= 1, the
revenueR, is equal to the second highest among the highest val-
ues of each bidder. Let be the bidder with the highest valuation
ui, 5, Vi, 7, foritemyy, andi2 # ;1 the bidder with the second high-
est among the bidders’ high valuations; this valuation is for ifem
ThusRy = us,,j, and this revenue is obtained for selling objgct

The revenueR;, obtained in selling iteny; on its own is the
second highest value among,;, , Vi. We examine the following
two cases:

1. Whenjl = jg. Thenle = Uig,j; = Wig,jo = Ry. The
revenue in this case is exactly the same.

2. Whenj1 7’é jQ. We know thatlt7;2,]'2 = argmaxi£i,,j Ui ;-
SinceR;, is equal to one of the elements of get; ;}, Vi #
i1, 7, thereforeR;, < iy j, = Rp.

Thus, the pick-a-bundle auction, when one item is chosen (i.e.
k = 1), will always generate the same or more revenue than any of

The complete bundle suffers from a loss in revenue, because thethe individual auctions selling these items. Thus, the revenue from
second highest valuation of the bundle is generally less than the OUr new auction setting (fdr = 1) is always at least as high as that
sum of the second highest valuations for each separate item, sincérom selling the items in separate auctions.]

a bidder’s high valuation for one item is likely to be balanced by
a lower valuation for another item. We can generalize this obser-
vation based on our experimental evidence for any combination of
distributionsf;(u) (see sections 4 and 7) and conclude that, while
for n = 2 the complete bundle is the best option, o> 4 bidders
participating, one would be better off using separate single-item
auctions.

This shows that, in the case of scenarios where buyer strategic
bidding is not an issue (see section 6), the pick-a-bundle auction for
bundle sizek = 1 generates more revenue than separate auctions.
This does not mean that selectihg= 1 is indeed the best bundle
size; in fact quite often it is not. Rather it means that in this setting,
it is always preferable to use a pick-a-bundle auction in preference
to separate auctions.

"To be more precise, eBay charges an “insertion fee”, which is ®Note that given sufficient remaining items, another pick-a-bundle
a fixed cost depending on the starting price of the auction and a auction could be used on the remaining items. We do not explicitly
“final value fee” which is, for the most part, a percentage of the consider this case, but the analysis that we present could easily be
final closing price of the auction. extended to cover it.
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Figure 1: Seller's revenue for a bundle ofm = 5 items, as the
number of participating buyers n increases, when using (i) sep-
arate single-items auctions to sell each item individually, (ii) a
pick-a-bundle auction initially where £ = 1,...,5. The item
valuations are drawn from five different, non-independent dis-
tributions.

4. OPTIMIZING THE BUNDLE SIZE

Now that we have presented the seller’s choices (i.e. separate auc
tions, complete bundle and pick-a-bundle), she needs to find out
which of these choices gives the highest revenue. This involves
computing the expected revenue for all these choices, and in the

we consider how the choice of the bundle size (i.e. the valug of
affects the revenue of the pick-a-bundle auction, and hence, show
how to determine which bundle size is optimal in any given case.
For onlyn = 2 bidders,k = 3 is the best choice, for a small num-
ber of bidders«{ = 3,...,5), kK = 2 is the best choice, whereas
for larger numbersi{ > 6), k = 1 is the best choice. Depending
on the prior belief about possible numbers of bidders participating,
n, the auction used should be the pick-a-bundle auction kvith1

or k = 2. If the listing cost is included, theh = 2 is the best
choice for almost all cases. (> 4), andk = 3 is the best choice
only whenn < 3.

While these simulations allows us to compute the auction param-
eters that maximize the seller's expected revenue for any specific
setting, they are impractical in cases where the number of bidders,
n, Or items,;m, increases significantly. This is due to the fact that, in
this case, each individual simulation run takes longer to compute,
and also that each simulation must be repeated multiple times in
order to ensure the statistical significance of the final results (e.g.
in the experiments of figure 1 we repeat the simulatl®0000
times). Thus, in the next section we address this practical issue by
presenting an alternative algorithmic approach.

5. ALGORITHMIC COMPUTATION OF THE
EXPECTED REVENUE

Given the comments above, we now present an algorithm that al-
lows us to compute the revenue of our new bundle auction, in the
case that the items are similar. This algorithm is exact, is much

case (.)f the pick-a-bundle auction, also selecting the be§t valkue_of faster than the simulation approach presented in the previous sec-
(the size of the bundle offered). For the general scenario descr'bedtion, and scales extremely well (i.e. as the number of bidders par-

in section 2, we need to run a simulation in order to compute the
expected revenue of the various cases; we take a large number o
random samples of item valuations for all bidders, and average the
revenue of the auction across all samples.

To illustrate the wide applicability of our new auction format
we carried out a number of simulations with different distributions.

Here we show the results for a particular representative case. More

specifically, we assume that item valuationg are drawn from
the following 5 distributions: (i)u:; are drawn uniformly from
{3,...,12} (prob. i for each value), (iiu; are correlated with
u1; and areus; = u1; + z, wherez is drawn uniformly at random
from {—2,...,2}, sousy; take values froml to 14, (jii) us; are
drawn uniformly from{0, ..., 14}, (iv) u4; are equal td with
prob. -5 and take value$5, . .., 10}, each with prob, and (v)
us; are equal td with prob. 1 and equal td 2 with prob. 5 .°

Ecipating in the auction increases, the corresponding increase in
omputational cost is minimal). However, it is restricted to cases
where the valuations of each item are i.i.d. and are drawn from the
same distributionf(u). (for other cases the simulations are still
the best method) This constraint implies that all of the items have
similar values. While not always applicable, it certainly applies to
our motivating example of selling a number of DVD movies when
these movies are of the same class (e.g. new blockbusters).

To compute the expected revenue of the pick-a-bundle auction,
we first need to calculate the probability density function that de-
scribes the bidders’ valuation for the subsetkoitems that they
value most highly (and hence will bid for). Since the toprder
statistics are not independent, this is not at all trivial, and in fact,
algorithms that can compute this pdf accurately for general valu-
ation distributions and arbitrary numbers of items do not éxist.

We present the mean value of the revenue generated in the simjere, we propose an algorithm that is polynomial with respect to

ulation for all possible cases in figure 1. We repeat the simulation
up to 100000 times such that the standard error in the mean values

variablesk, m andL; it is shown in pseudo-code in figure 2. Once
this pdf is computed, we compute the expected revenue of the pick-

shown is less than the thickness of the line, and hence, we do notg_pundle auctions in time polynomial to

show error bars in the figure. As we expected (based in part on
the theoretical results of propositions 1 and 2), the complete bun-
dle is not a good option no matter how many bidders participate
in the auction. The same is also true for the revenue from sepa-
rate auctions. The pick-a-bundle auction generates more revenue
no matter whether the listing costs are considered orhotow,

%We selected to present here an example with many different dis-
tributions and valuations that are not always independent of eac
other (hereu;; anduz; are not), in order to show how generally
applicable our work is. In all the cases that we considered, the
same broad pattern of results were observed.

%Based on the closing price of these auctions, the proper listing costlg

would beC' = 0.35, if these were eBay auctions. The listing fees
saved through bundling are equal(to— 1) - C, whereX = k for
the pick-a-bundle auctior\ = 1 for separate auctions, and= m

The main idea behind our algorithm is that we use three “for”
loops to execute the computation. The main loop changes the value

of variablex, which represents the value of th&" order statistic.
Once this is known, we use the other two loops to enumerate all the
possible values of variables andw., which represent the number

of order statistics, which are respectively below (iig.+ 1)** to
m*" order statistics) and abote(i.e. 1% to k" order statistics)

for the complete bundle.
There are asymptotic methods that give approximations of this pdf
as the size of the problem increases to infinity [15]. However, we
consider relatively small numbers of items, and these methods do
ot provide sufficiently accurate approximations in these cases.
Actually here we also count the™ order statistic as well, so it
isw, > 1. When we say that some order statistic is above the
k'™, this means it is one of the’* to (k — 1)** order statistics and




1. po :=1,pp := 0, peq := 0, gk, (u) = 0,Vu
2. forz:=0to L do

3. ppi=py+peq [Noteip, =375 f(i)]
4. peq = f(x)
5. ga ‘= Pa — Peq [NOtEZPa = Z£:z+1 f(l)]
6. h:=[f(a+1) ... f(D)]
7. R :=11]
8. forwg :=ktolstep—1do
9. p:=0
10. forwy, :=0to (m — k) do
11. pi=p+ (mfkfwb)!(wnzirwb)!(kfwa)!pg‘;+wbpl:n e
12. end for loop (variabley,)
13. if (wa = k) then increasgk, (k - z) by p
14. else
15. R :=h'"®h
16. Increasg’, (i + k-z + k — wq) byp - ' (4), Vi
17. end else
18. end for loop (variable,)

19. end for loop (variable)

Figure 2: Algorithm for computing the probability distribution
of the sum of the k£ top order statistics of m i.i.d. variables
drawn from distribution f(u)

the k" order statisticz, and that have a value equal 10 The
probability that(w, +ws ) variables have value equal4o (k —w,)
have values greater thanand (n — k& — ws) have values smaller
thanz, is:

Ml f@))m R @) et (D f(6)F e
(m — k — wp)(wa + wp)!(k — wa)!

p(wiwa7wb):

1)
The precise values that the bottdqm — k£ — w) order statistics

because we use a convolution algorithm with quadratic@g&t.?).

An even more efficient algorithm could make use of a Fast Fourier
Transform to compute the convolution, which would reduce the
complexity toO (k*mL? In(kL)).

Given that the probability distribution of the sum has been com-
puted, the expected revenugR, of each auction is given by:
mL

[1 = G(w)]"?g(u)uG(u)du

ERG = n(n — 1)/ ©)

0

whereG() andg() are, respectively, the cdf and pdf of the distri-
bution of the valuation of the commaodity sold in the auction; hence
g = gk for the pick-a-bundle auction, and = f for the sepa-
rate auctions. This can be doned{mL In(n)) time, since the
computation of a powet™ is done inO(In(n)) time. Thus, the
complexity of computing the revenue of one pick-a-bundle auction
is O(k*mL? In(kL) +mLIn(n)), which is low polynomial com-
plexity with the size of the problem. Consequently, this allows us
to compute the best auction very fast and efficiently.

6. ACCOUNTING FOR THE SECOND ROUND
OF AUCTIONS

In this section, we examine the effect of the second round of auc-
tions on the buyers’ bids, which has not been included in the work
presented until this point. Initially, we examine dynamic settings,
where the effect of the second round can be ignored (thus for these
scenarios the analysis of the previous sections can be applied as
presented), and then we examine settings in which it cannot. For
the second case, we first compute accurately the bid shading that
occurs due to the second round of auctions in the case where sim-
ilar items are being sold (as discussed in the previous section) and
we then proceed to examine more general settings.

have are not important, because they correspond to the least valued In more detail, online auctions constitudgnamic scenarigsn

items; only the values of the toft — w,) order statistics must be
taken into account. What we know is that in this case, all these
values are greater than Therefore, we can take the pHfu) to
denote the conditional probability when we know that =. This

is given by:

fw)
ZiL:a:+1

J(@)
andh(u) = 0, otherwise. Given that the valuations are i.i.d. we can
compute the distribution of their sum by taking the convolution:

®

h(u) = yifue{z+1,...,L} 2

hi—w, () = h(v) ® ... ® h(u)
N—
(k—wgq) times

Now, we also know that another, order statistics are equal 19
meaning that the pdf of thie top order statistics for this case is:
Py (U + wa) = hy_, (u),Yu € {0,..., (k —wa)L}  (4)
andﬁk,wa (u) = 0, otherwise. As this case happens with proba-
bility p(z, wa,ws), and we account for all possible valuesigtv,
andwy with the three loops, the pdf of the sum of the toprder

statistics is finally given by:

L k
grw)=>"Y"
z=0wqg=1

m—k

> (@, wa, @)k, ()
=0

w

®)

It should be noted that the algorithm in figure 2 has some addi-
tional optimizations (which are not described here due to limited
space). Its complexity depends bnm andL and isO(k*mL?),

therefore its value is the same or higher than that ofifieorder
statistic.

which there are many external opportunities for buyers to acquire
equivalent items (e.g. from other sellers in an online auction house
such as eBay), and thus, the second round of the pick-a-bundle auc-
tion does not represent the last chance to acquire any particular
item. In this case, there is no bid shading since its effect is already
incorporated within the buyers’ valuations for the items:

Claim 1 In a dynamic auctions setting, we can ignore the effect of
bid shading due to the second round of auctions.

DiscussioN We can assume that the true internal valuations
of bidder: in this setting areu; ;, which are drawn from a dis-
tribution with pdffj (u) for each itemj. Since online auctions
are often dynamic scenarios where bidders and buyers come and
go and the same item is being sold in many different auctions, the
bidders will indeed shade their bids in any auction in which they
participate, because of the possibility of getting the item that they
are interested in from another seller (in another auction). To prove
this fact more rigourously, we will use the sequential auction model
and the subsequent analysis presented in [14]. This analysis pro-
vides the mappin@j t Ui; — ug,; from the real valuations;, ;
to the “shaded” ones; ;. Using the same mapping, we can gen-
erate the new “shaded” prior distributiorfg(u) from which the
shaded valuations; ; are drawn. Because the number of potential
sellers is sufficiently large in an online auction setting, following
the analysis in [14], we can conclude that the bidder’s bids will not
change (more than a tiny amount), because of the presence of one
more seller, or, equivalently, one additional chance to buy the item.
Therefore, we can use the shaded valuations in our analysis of
how bidders will bid in the pick-a-bundle format, to represent the
valuations of bidders in both rounds of bids; the effect of additional
bid shading is minuscule, if not non-existerhil



However, there are alstatic scenariosin which a fixed number Now, we describe how to modify the algorithm of figure 2 in
of buyers are participating and the items being sold are not available order to incorporate the bid shading. The easiest way to do so is
from any other sources (i.e. because they are rare or difficult to to modify the prior distribution of the valuation¥u), and to map
find). Within our pick-a-bundle auction, the buyers will thus have every valueu € {0,...,L} tou — ™% . "1 O(z). Note,
two opportunities to acquire each item: in the pick-a-bundle auction however, that this equation does not always give integer values.

as part of a bundle of items, and in the second round of separate
single-item auctions, if that item was not sold in the bundle auction.

For example, value = 3 might need to be mapped 4. If the
new pdf f(u), that we input in the algorithm, were generated from

Because of this second opportunity to purchase items if they don't these mappings by rounding each value to the closest integer (i.e.
win, buyers shade (i.e. strategically reduce) the bids placed in the 2.4 becomes), then the sum of bids could have a significant error

bundle auction. We can initially consider the case of similar items:

Proposition 3 Assume w.l.0.g. that;1 > wi2 > ... > u;n, are
the valuations of buyerfor the items offered for sale. If he partic-
ipates in a pick-a-bundle auction whetgtems are sold in the first
round, then, because of the chance to get the remaiping k) of
these items in the second round of auctions, he will bid:

ui;—1

k m—k
b; :Z (uij_ E— ;0 Q(ﬂc))

Jj=1

@)
whereQ)(z) is the distribution of the top bid of the opponents it will
face in the second round.

PROOF Since the seller sellg out of m items in the pick-a-
bundle auction initially (first round), then there is"&* chance

(as much as £ |). To alleviate this, we can simply createvirtual
valuations. For example, jfis defined af0, 1, . . .} we can decide

to define it at valueg0, +, Z, 2,...} and then round the shaded
bids to these values rather than the integer values. By doing this,
we guarantee that the total error in the computation is Iess%han
As the bidders must bid integer values, this means that we would
have to round the final bi#l; anyway, and therefore with this trick
we can guarantee that our algorithm computes as a value glther

or [b;]. The algorithm now should have complexi®y(k*mL?),

but by taking advantage of the sparsity of the pdf in this case, we

derive an algorithm with lower complexit® (k> - m - L?).

The previous case described accounts for bid shading in the case
that the items are similar. So it's now time to examine the case that
they are not and therefore they have different priftg:). In this

that any item that a buyer wishes to purchase might be available ¢as€, we assume that the winner of the first round (i.e. the pick-a-

for sale in the second round (i.e. there is an equal probability that

each item is not among the tédpmost desired items of the winner
of the first auction and therefore left for sale in the second round).
Let us assume that itegnfor which a certain buyei has valuation
u;;, is relisted in the second round. From his point of view, buyer

competes against a number of other bidders, whose maximum bid

is B (the top order statistic of these bidder’s private valuations).
Since we assumed that is drawn from distribution with pdf2(),

itis Prob[B < z] = Q(x). Then bidder with valuationu,;, will

bid truthfully and win this auction with probabilit§2(u,;). The
payment he will make is equal t8. Thus, his expected profit in
this auction is given by:

ui;—1

EProfit;; = Z (uij — ) - Prob|B =z] = Z Q(x)

=0 z=0

ui;—1

®)

Therefore, if we assume w.l.o.g. thaty > w2 > ... > uim are

the valuations of buyet, then he has a chance to win each of his
k most valued items in the second round, if he does not win in the
first. His expected total profit in this case is:

m—k <& m—k <& wia Tt
Ci=—— Z EProfiti; = —— - Z Q@) (9)

j=1 j=1 z=0
Now this buyer: will gain a profit of (Zle u;; — t), wheret

bundle auction) will always select his top valued items. Then we
can extend the results of the previous subsection to get:

uij—1

b; = Z (uij — T Z Qj(x))
j =0

Jj=1

(10)

whereQ;(x) is now the distribution of the top opponent bid for
the j*" item, which is computed in the same way as in the previous
case, andr; is the probability that this item will be available in the
second round; this probability is computed from the distributions
fi(). Due to the assumption made that thaighest valued items
are always selected, this is really a fair, albeit not absolutely accu-
rate, estimate of the bid placed, unlike equation 7 which is accurate
for the previous case. We would like to explain why, in a few cases,
the winner will not select hig most valued items in the first round.
Let us give an example of when this happens. Assume that'the
top valued items of winning bidder has valueu; ;, = 10 and

the prior for that item isf;, = U[0, 10] (uniform). Also the next
highest valued item (i.e. the 4 1)*" order statistic among bidder
i's valuations) has value; ;, ., = 9 and the prior distribution for
that item isf;, = U[9,12] (also a uniform distribution). In most
cases, it would be in biddefs interest to select itemjx1 rather
thanjy, to get from the pick-a-bundle auction, even though its value
is lower. This is due to the fact that this bidder will have a much

is the payment and is equal to the second highest bid, if he wins easier time winning iterj;,, compared to item.; in the second

the pick-a-bundle auction, and an expected pigfiif he loses it

round, and thus make even more profit.

(since he then has a chance to buy some of the items he desires in Even though this case of a winner not selecting one ofkhis

the second round auctions). It is then trivial to show that the bid
that maximizes his overall expected profi(Ef:1 u;; —C;), and

highest valued items in the first round is not very common, it does
complicate the analysis quite a bit. This is the reason why, we leave

thus, he should shade his true valuation for the bundle (given by this analysis for future work.

Zle u;;), by an amount equal to his expected prafit [

This effectively means that each bidder shades his true valuation 7.

u;; for each item bym=k S~ "1 () 13

33In the case that this bidder facds = n — 1 other bidders, the
valuation of each being drawn from distribution with cHf{w),
then the top opponent bid is drawn from distribution with cdf

Q(x) F(z)"~'. This is not exactly the distribution that we

will use in our experiments in section 7, because we need to ac-

count for the fact that the valuations of one bidder (the winner of

EMPIRICAL RESULTS

the pick-a-bundle auction) are drawn from a different distribution,
which we denotef (u). In this case(x) = F(x)" ?H(z). In

the experiments presented in the next section, we used a simulation
to computeH (u). The expected revenue of the separate auctions
selling the remaining items is now computed by taking the expected
value of distribution¥ (z) = (F(z))" ™" + (N —1)- H(z) - (1 —

F(z)) - F(2)"~2, rather than equation 6.
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Figure 3: Seller’s revenue for a bundle ofm = 5 items, as the number of participating buyersn increases. In (b) the bids are shaded,
whereas in (a) they are not. In (c) we include only the best pick-a-bundle auctiork(= 2). The distribution of the buyer valuations
f () is uniform for values {0, .. ., 9}.

In section 4, we showed how to compute the best bundle size for thebid shading does take place. The results in this case are very similar
pick-a-bundle auction and determine whether this is the best choiceto those of figure 3(a); the pick-a-bundle auctions o= 1 and
available to the seller. In this section, we give additional empirical k = 2 give almost the same expected revenue for most values of
results that make use of both the algorithmic computation (from (although, of course in practicé, = 2 would be preferred due to
section 5), which is faster and more efficient, and our analysis of the listing fee savings). For very small valuesofn < 3), k = 3
the strategic buyer behaviour (from section 6). can be the best choice, especially if listing costs are considered.
The first experiment uses the algorithms of figure 2 and its ex- Based on the results of figures 3(a) and 3(b), the overall best
tension which accounts for the buyers shading their bids for several choice for the bundle size iB = 2. We use this value in fig-
scenarios (i.e. distributions) when all the items are similar. More ure 3(c), where we compare the revenue obtained from the pick-a-

specifically, we examine the seller's revenue, whorhas 5 items bundle auction with those of the complete bundle and of using sep-
for sale, ton participating bidders. The valuations of the items are arate single-item auctions. When bid shading does not occur, the
i.i.d. variables drawn from the same distributi¢tw). In figure 3 new bundling strategy is the clear winner, and when bid shading is
we graph the expected revenue, wh&m) is a uniform distribu- taken into account it still outperforms the other two in almost all
tion for values{0, ...,9}, so f(u) = 0.1,Vu € {0,...,9}, and cases (the exception being wher= 2, when one should select the

flu) = 0,Yu ¢ {0,...,9}. We use uniform distributions, be-  complete bundle). If we consider listing costs these observations
cause they are the ones most commonly used in analyzing auctiondo not change; for small values afthe complete bundle might
scenarios in the literature. We have also done the same analysishe better (and only in the case where the bids are shaded) and for
with several other distribution$and, though we don't present the  every other case the pick-a-bundle format is the best choice.
results here, they lead to similar conclusions as those drawn here.  The second experiment is the same as that presented in section 4.
In figure 3(a), the expected revenue of the pick-a-bundle format Here, however, we also include the effect of bid shading and, thus,
is examined for all the values of the bundle siz& when no bid the buyers’ bids are computed using equation 10. The results are
shading occurs. The expected revenue of all cases is computedoresented in figure 4 and they reinforce the observations made in
using equation 6. This figure allows us to consider how the choice the previous experiments. Furthermore, comparing with figure 1,
of the bundle size (i.e. the value & affects the revenue of the  we notice that, while accounting for the bid shading reduces the
auction, and hence, show how to determine which bundle size is benefit of using pick-a-bundle compared to the complete bundle
optimal in any given case. As seen in the plot, the pick-a-bundle and the separate auctions, it is still the best choice. More specifi-
auction withk = 2 generates more revenue over a wide range of the cally, n = 2 bidders is the only case in which the complete bundle
number of bidders. More specifically, it yields the highest revenue would be preferable (especially when including listing costs), while

for n € {3,...,19} and is thus the best choice for these values; for small number of biddersy(= 3, ..., 6) the pick-a-bundle with
whenn = 2 (resp.n > 20), then the best choice s = 3 (resp. sizek = 2 is best, and fom > 6 bidders the pick-a-bundle of

k = 1). These results must also be set against(the- 1) - C sizek = 1 yields that highest revenue (even accounting for the
listing fees saved through bundling. In this cales 2 is the best listing costs). In addition, when the number of bidders becomes
choice whem > 4, while k = 3 is better for very small numbers  significant ¢ > 14 in this experiments) the difference between the

of participating bidders, such as< 3. pick-a-bundle and the separate auctions becomes small (less than

Figure 3(b) presents the equivalent results to figure 3(a), when the standard error for the number of samples that we used in our
simulations). From all these, we can conclude that pick-a-bundle
“For example, as there is evidence to suggest that in many casesis the best option, with the optimal bundle size depending on the
there is a S!Jbstantial probabllltythat a buy_el’ iS either not interested number of participating biddem however when there is sufficient
at all or is interested very little in a specific item, e.g. the exper- competition (a large number of bidder} the best choice is to use

imental distribution used for the TAC game analysis in [16], we . . o
used (among others) distributions that place substantial probability Pick-a-bundle with bundle size = 1 closely followed by separate

at value0. This is a situation which is very likely to occur within ~ auctions.

the motivating example concerning bundles of DVDs; for example,

if the buyer already has a copy of a DVD, he is likely to have little  General Observationsin general, from all the experiments we
interest in acquiring a second one. conducted, both the representative ones we presented in this paper

l;irhe reader is reminded that selecting- m is the complete bun-  and others we also performed, we observe that the complete bundle
e case.




is a variation of a position auction) from the distributions of the

60 bids, and (ii) the social welfare (sum of winners’ valuations) in a
) multi-unit auction. Furthermore, we examined how the strategic
& 50! behaviour of the buyers changes the expected revenue of the pick-
63: a-bundle auction and incorporated it into our analysis.
= As future work, we will extend our analysis of the bid shading to
B 40! _the complete case_of heterogeneous iter_ns. We also plan to exam-
g E——) ine what happens if we add an extra option to the bundle auction,
3 k=2 for the winner of the first round to be able to buy additional items,
I 0 - - - k=3 e.g. by paying a predetermined percentage of the closing price, or
o ----- k=4 paying the expected profit of the seller if she were to relist these
a jo e Complete Bundle items. This has the potential of increasing the seller’s revenue, es-

20 ‘ — Separate Auctions pecially in the static case, where the bidders shade their bids in

2 4 12 14 16 the first round; if there exists some chance that the winner selects

6 8 10
Number of Bidder:

Figure 4: The same experiment as that of figure 1, when bid
shading is also considered.

S more items in the first round, then the probability of having a sec-
ond chance to buy each item decreases, therefore bidders will shade
their bids less in the first round. Furthermore, the costs (listing and
shipping) would be reduced. This extension also ties as well with
another extension: examining how shipping fees would affect the
revenue. Furthermore, we would like to investigate the applica-
tion of previous results that show how the valuation distributions
of participating bidders can be learned through observation of pre-
vious auctions [8]. This will allows us to apply our autonomous
auction agent in setting in which these distributions are not known.

only makes sense in the case of few bidders={ 2) and only in
cases that the effect of listing costs and bid shading on the auction
revenue is considered. The cases when relatively fewr(i€.10)
bidders participate is when the pick-a-bundle gives the highest ben-
efit compared, in particular, to the case of separate single-item auc-
tions. While bid shading causes a drop of the pick-a-bundle rev-
enue, this mainly happens when the number of bidders is small, be-
cause the chance of winning an item in the second round is highestg' ACKNOWLEDGMENTS

for a small number of opponent bidders; and even with this effect, We would like to thank Dr. Edith Elkind for comments on this
the pick-a-bundle is better (provided that the correct bundle size is work. This research was undertaken as part of the ALADDIN
choosen) than separate auctions. Finally, when we know that theproject and is jointly funded by a BAE Systems and EPSRC strate-

number of bidders: is large (the exact number depending on the
scenario), then, while the pick-a-bundle format with bundle size
k = 1is best in most cases, the revenue improvement over that of
selling in separate auctions is small. The observations should pro-
vide a rule of thumb in the case that the seller would not wish to
perform the complete analysis and yet still make a good choice as
to the auction format that would yield maximal revenue.

8. CONCLUSIONS

In this paper, we examined the revenue of the auctioneer, when she

sells items in bundles, rather than individually. Because we want
these results to be applicable within existing online auctions, we
rule out the design of new auction mechanisms; this is the main
reason why the preexisting literature on bundling is not applicable
here. On eBay, for example, it not uncommon to see a seller listing
bundles of several similar items (i.e. DVDs), in order to save on
the listing costs. However, our analysis has shown that this does not
yield a higher profit for the seller due to the loss in expected revenue
that is incurred. To address this loss, we propose the novel pick-a-
bundle strategy, in which the seller lists the items in a single bundle,
but the buyers bid for the opportunity to select a predetermined
number of items from this bundle, with the remaining unsold items

being sold in subsequent separate single-item auctions. We showed

that not only does this policy reduce the loss in revenue incurred
by the complete bundle, but it usually generates greater revenue
than using separate single-item auctions as well (even before the

savings in terms of listing fees are considered). This occurs becausey; 5]

the pick-a-bundle auction induces additional competition between
buyers who may actually prefer distinct subsets of the items. To
compute the optimal bundle swiftly and accurately we developed
the novel algorithm of figure 2. This algorithm can also be used in
a variety of other settings, e.g. to compute the distributions of (i) the
revenue that a seller makes in a position auction (Google Adwords

gic partnership (EP/C548051/1).
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