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Abstract

We presenta formalization of the Virtual Trans-
portation Compaty (VTC) problemand study its

structureand computationalcompleity, focusing
on the job allocationcomponent.We proposetwo

differentnotionsof fairnesdor job allocation.The
problem domain has a rich underlying structure
with compleity propertiesangingfrom polynomi-
ally solvablecasedo casedor which finding even
approximatesolutionsis hard. We alsogive empir

ical resultsthat shov the existenceof phasetran-
sition phenomenan the domainand suggestvays
for managingthe computationatomplexity of the
allocationtaskin practicalsettings.

1 Intr oduction

The “Virtual TransportatiorCompaty” (VTC) problempro-
vides a compellingframawork for the study of multi-agent
behaiors andtheir inherentcomputationacomplexity. Ac-
cording to the VTC problem, the Departmentof Defense
(DOD) needsto formulateand executeplansfor transport-
ing personnebndequipmenin a caseof anemegeng situ-
ation. A numberof companieshave signedagreementsvith
theDOD to providetransportatiomequiredn suchsituations.
The agreement@volve a certainamountof regularcontrac-
tual work that the DOD awardsto the companieswith the
understandinghatin caseof a crisis the companiegrovide
emegeng serviceproportionallyto thecontractuaivork re-
ceived. The companiegrovide estimatesof what it would
costthe compary to provide eachemegeng task. After all
estimatesarein, the DOD goesthrougha job allocationpro-
cesswhereit triesto assignjobsin a “fair” (balancedman-
nerto thevariouscompaniesin this paperwe focuson this
job allocationprocess. We proposetwo definitionsof fair-
nessandconsiderthe compleity of theallocationtask. The
compleity of the allocationtaskhasa numberof interesting
structuralproperties.We identify a worst-caseolynomially
solvablesub-caseand,in termsof averagecasebehaior, we
provide phasetransitiondiagramsthat identify the sources
of compleity for the generalcase. In the next phaseof the
project,wewill considebiddingstrategjiesfor thecompanies
aswell asincentivesthatthe DOD canuseto compelthecom-
paniesto betruthful in their costproposals.We alsoplanto
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extendour compleity analysigo thefull VTC domain.Such
ananalysisshouldallow usto designanefficient multi-agent
biddingandallocationstrateyy for the VTC domain.

Thepaperis organizedasfollows. In section2, we formal-
ize the allocationproblem. In sections3 and 4, we present
generalizationsand specialcasesof the problem,and ana-
lyze their compleity. In section5.1, we describea system-
atic searchalgorithmfor solving the allocationtask. In sec-
tion 5.2,we explainthetwo differentmodelsusedto generate
probleminstances.Finally, in section5.3, we presenfphase
transitiondiagramdor thesearctcomplexity andthesolution
probability of theallocationproblem.

2 Formalization of the allocation problem

We studythe problemof assigningobsto companiesn the
VTC domain. Eachcompaly hasan “opportunity” costfor
performingeachjob, whichis known to thatcompaly alone.
The compary declaresa costfor performingeachjob that
might not betrue. In this paperwe will assumehatthe de-
claredcostsarecloseto the actualcosts.In the secondphase
of this researchwe will abandonthis assumptiorand con-
siderincentivesfor gettingcompanieso submittruthful esti-
mates.The DOD mustchooseanassignmenof jobsto com-
paniesbasedon the declaredcosts,suchthatthe total costis
minimizedandthetotal costfor eachcompary is proportional
toitsincomefromtheDOD contracts Wefirst consideaver-
sionof the problemwhereall companieshave beenawarded
the sameamountof contractualwork from the DOD, sothat
all shouldsharean equaltotal costfrom implementingthe
crisisplan.

Minimizing thetotal costleadsto asolutionthatmaximizes
thesocialbenefit thatis thetotal profit thatall thecompanies
make from the agreements.If this were the only goal for
thedepartmenbf defensethenthe optimalallocationcanbe
determinedy a greedyalgorithmwhich assigneachjob to
the compaly that hasthe smallestcostfor that job. Under
this setting,it couldbethecasethata certaincompary is as-
signeda large percentagef the jobs,becausét canperform
themfor theleastcost;this compary would thushave a total
costmuchhigherthanthetotal costfor the othercompanies.
This situationmay make the compaly unwilling to partici-
patein futureagreementsvith the DOD. In relatedwork [8],
ShohamandTennenholtassigreachjob to thecompaly that
canperformit for theleastcostandachieve fairnessby hav-
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Jobs

Companies| 1 2 3[4 ]5
1 100 100 | 50| 50 | 50
2 95 [ 90 [ 30|25/ 30
3 95 |90 [25]30]| 25

Table1: Exampleof a costmatrix for the VTC problem. A
lex min-maxfair allocationis givenin bold.

ing companiegay to the companieghat arechoserno han-
dle the jobsanamountof money equalto thetotal cost. Our
approactdoesnotinvolve monetarypaymentbetweercom-
panies. We explore insteadstratgiesfor obtaininga “fair”
initial job allocationbasedn the costmatrix providedby the
companiesSuchanassignmenheedso minimize the over-
all costfor performingall thejobs, while distributing the cost
amongcompanieg@sevenly aspossible.

Let N bethe numberof companiesand M the numberof
jobs. Let Cij and cD be the real andthe declaredcostsfor
compary i to handlejob j. As statedabove, we assumehat
the declaredcostsare approximatelyequalto the real ones.
Tablel givesan exampleof a costmatrix for the VTC prob-
lemwith 3 companiesand4 jobs.

Let S; bethe setof jobs allocatedto compary 7. A full
allocationS = {51, Sa,..., Sn} givesthejob allocationfor
eachcompaly. The sets.S; are disjoint and their union is
thesetof all jobs{1,...,M}. LetK; = ZJGS ; bethe
total costfor compaty i. The goalis to selectan allocat|on
S suchthatthetotal costsK; arefair, meaningthatthey are
balancedandthatthey areassmallaspossible.We consider
two notionsof fairness. The first definition minimizesthe
maximumtotal costamongthe companiesThis definitionis
analogougo minimizing theso-calledmake-sparin job shop
scheduling.

Definition 2.1 Min-max fairness A min-maxfair alloca-
tion is the allocation that minimizesthe maximumcostpaid
by anycompany

In the examplein Table 1, we give a min-max fair allo-
cationin bold face. This allocation S’ assignsjob # 1 to
compary 1, job # 2 to compaly 2, and jobs # 3, #4, and
#5 to compary 3. S’ hasa maximumtotal costof 100 (for
compaty 1). In this allocation, K; = 100, K> = 90, and
K5 = 80. Anothermin-maxfair allocation,S” would switch
the assignmentesf jobs#1 and#2 around(i.e., assign#1 to
compary 2, and#2 to compaly 1). The maximumtotal cost
would againbe 100.

AlthoughallocationsS’ with S” have the samemaximum
total cost, S’ is preferablebecausét assignsa total job cost
of 90to compaly 2, while S” assignsompaty 2 atotal cost
of 95. (Note that both allocationsassignjobs #3, #4, and
#5to compary 3.) The following notion of fairnessrefines
the min-max fairnessand gives preferenceof S’ over S”.
With eachallocationS, we introducea costvectorr(,S) con-
sistingof total costskK; for allocationS orderedfrom high-
estto lowest. For example,r(S’) =< 100,90,55 > and
r(S") =< 100,95,55 >.

Definition 2.2 Lex min-max fairness AssignmentsS is

fairer thanassignment’ if andonly if »(.S) is lexicograph-
ically smallerthan r(S’). Thelex min-maxfair allocation
is the allocation that hasthe lexicographically smallestcost
vector

This notionof fairnesds analogougo thefairnessconcept
usedin load balancingin network design[4]. In the exam-
plein Tablel, S’ (in bold) is thelex min-maxfair allocation
becauséts costvectoris lexicographicallybeforethatof S”.
(Also, notethat otherallocationsareworsein termsof their
costvector E.g.,S” with compary 1 assigned 3,4}, com-
pary 2 assigned 2}, andcompaty 3 assigned 1, 5} hascost
vector< 120, 100,95 >.) Clearly, lex min-maxfairnessm-
pliesmin-maxfairness.

The min-maxfairnessoptimizationproblemis equivalent
to the Minimum MultiprocessorSdedulingproblem,which
is definedasfollows. GivenasetT of tasks,a numberN
of processorslengthi(t,i) € Z* for eachtaskt € T and
processoi € [1...N], find an N-processoschedulédor 7',
i.e. afunctionf : T — [1...N], with the minimumvalue
of max; ZteT:f(t):i I(t,i). In our VTC allocationproblem,
if we take jobsastasks,companiesasmachinesandcostsas
lengthsof tasks we have exactlythemulti-processoschedul-
ing problem. This problemis not only NP-hardbut alsonot
approximablavithin afactorof 3/2—e¢, Ve > 0 in polynomial
time[5].

3 Generalizations

Sofar, we have assumedhattheincome(call it A;) thatcom-
pary i obtainsfrom signingthe agreemenis the samefor all

companieslf thisis notthe casethena reasonabl&alterna-
tive objective is to make the ratio of costto income 7 i pe
asbalancedaspossiblefor all companlesAn algorlthmthat
solvesthe simplified (with all A;’s identical) versionof the
problemcanbemodifiedto handlethe moregenerakcase py

D

usingadjustectostvaluesof theform ¢, = ;J

A secondgeneralizatioris to conS|denhe casewherethe
total costfor acompaty doesnotequalthesumof theindivid-
ual costsof eachjob assignedo it. For example,if two jobs
involve eachsendingacratefrom thesamesourceo thesame
destinationthenit might costlessfor the samecompary to
handleboth of themcomparedo the sumof theirindividual
costs. On the otherhand,addingmore jobs could have the
oppositeeffect aswell. The planeusedfor transportmight
reachits capacityafteraddinga certainnumberof crates so
the next crateaddedwill meana new flight is needed. To
modelthis setting,onewould have to allow the companieso
submitmore complex costfunctionsinsteadof simply a set
of entriesfor the costmatrix. The compleity of the assign-
mentproblemwould clearlyincrease Characterizinguchan
increasen compleity is atopic for further study

4 Boundary cases

4.1 Uniform bidding

Although in generalthe companiesare assumechot to co-
operate,it might be the casethat they actually do, and, for
example, give the samecostfor eachjob. In this case,we



have cP = D vi,i’. (The samevaluein eachcell of a
givem column ofgthe costmatrix.) We againwant to deter
minewhetherit is possibleto assigrall jobsto thecompanies
withoutassigningatotal costof morethan K to ary of them.
The VTC assignmenproblemin this casebecomesquva-
lent to bin padking. The bin packingproblemis definedas
follows. Given N binsof size B > 0 andafinite setof items
U with eachitemu € U having asizes(u) € Z* is it pos-
sible to partitionthe setU into disjoint subsetd/;, suchthat
max; ), ., s(u) < B? The bin-packingproblemis NP-
completebut goodapproximationschemesndaverage-case
resultsareknown.

4.2 Uniform cost

Anotherspeciakasds Wheneachcompary declares*.hesame
costfor eachjob it canhandle thatis c?. = cP., = ¢;,Vj, 5.
This canhappenwhenthe vanoustasksare aﬁ quite similar
(e.g., the transportof similar units). In the costmatrix, we
would have thesamevaluein eachcell of agivenrow. In this
case thereis a polynomialtime algorithmthat givesthe lex
min-maxfair allocation.

setk; =0,Vi=1,...,N
forj=1,...,.M

{ find SI = argmini/{ki/ + Ci’} and
i = argmax;»cgr{ki» }, thensetk; = k; + ¢; }

NotethatS’ is asetsincewe wantall thei’”’sthatminimize
the agument,but for the argmax we cantake ary of them
atrandom,if therearemorethanonez”’sthatmaximizethe
argument.In theend %, is thecostfor compaly i and isthe
numberof jobsthatshouldbe assignedo it. This algorlthm
runsin time O(M x N). It canbeshawn thatthis algorithm
findsalex min-maxfair allocation.

The algorithmalsoworks in a more generalsetting. As-
sumethat eachcompaty 7 hasa limit \;, which is the max-
imum numberof jobs that canbe assignedo that compaty.
This generalizationis basedon the factthata compary may
not have theresourceso handletoo mary jobs. Theoriginal
algorithmcanbe modifiedsothat,if acompaty hasreached
its limit k; = \; x ¢;, it is notchoserto participatein setS’
arymore.

5 Characterizing the complexity of the
allocation problem

Thecompleity of theVTC allocationproblemis determined
by the form of the costmatrix. As notedabove, the general
problemis NP-completebut onecanobtainusefulfurtherin-

sightsinto the complexity of the problemby consideringcer

tain specialcasedor the costmatrix. In the previoussection,
we consideredwo boundarycases. The uniform costsce-
nario leadsto a polynomialtime solvable problem,andthe
uniform biddingscenarideadsto a problemequialentto the
knapsaclproblem,whichis NP-completéout for which good
approximationmethodsareknown. In practice,the form of

the costmatrix will lie in betweentheseextremes.To study

the generalscenariowe will now presentdataon the hard-
nessof the min-maxfair VTC allocationproblemundertwo
differentinstancealistributions. For relatedwork on theinter-
pla3]/ betweenstructureand average-caseompleity, see[1;
2;7].

5.1 A decisionalgorithm for min-max fair
allocation

We usea backtracksearchmethodto determinewhetheran
allocationexists givena predefinednaximumcost K for the
companies.The algorithmstartsthe searchwith no jobs as-
signedto any compaity andwith atotal accumulatedostfor
every compaly setto zero. At every nodeof the searchtree,
the algorithm selectsan unassignegob andassignghis job
to oneof the companieghatcanperformthe job without in-
creasingts accumulatedostabovetheupperlimit K. When
thealgorithmreaches point wherefor someunassignegbb
thereareno companieswvailable,it backtrackdo reconsider
its previousassignments.

A branchingheuristicand a value ordering heuristicare
usedto try to find a solutionasquickly aspossible.At every
node,we pick the job with the minimum numberof compa-
niesableto performit andwe considerthe availablecompa-
niesin decreasingrderof theiraccumulatedosts(provided
the costsarebelow the limit K). The intuition behindthese
heuristicgs to try to branchfirst on avariablethatproducesa
subtreawith aminimal branchingfactor and,in thevaluese-
lection,we try to find aninconsistenpartial solutionassoon
aspossibleto prunethe searchspace.

5.2 Instancedistrib utions

In orderto study average-caseompleity propertiesof our
domain,we needo decideon aprobleminstancedistribution.
We will considetwo modelsfor generatingheinstancesin
eachmodel,we first needto specifythe numberof jobs M,
thenumberof companiesV, anda closedinterval of allowed
integer costsfor the jobs ([LC,UC]). We thendecide,for
every job, which companiesanperformthejob. Finally, the
costof performinga job for a chosencompaly is selected
uniformly atrandomfrom theinterval [LC, UC].

The modelsdiffer in the way jobs are selectedfor each
compary. In the fixed connectivitymode| we usean addi-
tional parameter. For eachjob, we selectuniformly atran-
dom, ¢ companieghatcanperformthe job. In the constant-
probability mode] we useinsteada fixed probability p, with
0 < p < 1 for selectingcompanies. For eachjob, each
compaly is selectedor thejob with probabilityp. Thesein-
stancdistributionsaremotivatedby thetwo mostcommonly
studiedprobability distributionsfor the Booleansatisfiability
problem[6].

5.3 Phasetransition phenomenaand complexity

We now presentour experimentaldatafor the average-case
compleity of finding a min-maxfair allocationwith a max-
imum costlessthana givenlimit K. For eachof our ran-
dominstancelistributions,we generaténstancesvith afixed
numberof jobs (45) and a fixed interval of allowed costs
([40, 100]), but we vary the numberof companiesmongthe
instancedo study the effect of having lesscompanieghan
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Figurel: Compleity andphasetransitionfor fixed connec-
tivity modelwith ¢ = 3.

jobs,almostthe samenumberof companiegsjobs,andmore
companieghanjobs. Whensolving the instanceshe upper
limit cost(K') hasbeenfixedat 131. In our setting,this re-
sultedin allocationswith arelatively low probability of hav-
ing a compaly performmorethantwo jobs. In future work,
wewill studytheinfluenceof thechoiceof thevalueof K on
theoverallresults.

For thefixed connectvity model,we considerednstances
for severalvaluesof c. Figurel givesthe datafor thec = 3
case,which is representatie of the average-caseomplex-
ity asa function of the ratio of the numberof companiegso
the numberof jobs (x-axis). The solid line showvs the me-
diannumberof branchesn the searchtreevisited by the al-
gorithm. The dashedine shaws the percentag®f instances
that were found to have a solution. We obsene that for in-
stancesvith few companiezomparedo thenumberof jobs,
it is relatively easyto determindhatthereis nofair allocation
with K lessthanthe presetlimit. Increasingthe numberof
companiesincreaseshe chanceof finding solvableproblem
instancesbut also the compleity of solving the allocation
task. Whenwe continueto increasethe numberof compa-
nies, the mediansearchcostbegins to decreaseleadingto
anothemregion wherethe instancesareeasilysolved. So, the
ratio of companiedo jobs providesthe right parameteriza-
tion for the problemand we obtain the characteristiceasy-
hard-easypatternin the computationaldifficulty of solving
theinstance$6; 3]. Looking atthe dashedturve, we obsene
thatthe easyregion on the left correspondso instanceghat
almostalwayshave no solution, the easyregion of theright
correspondso instanceghat almostalways have a solution.
In betweenthesetwo regions,we obsere a sharptransition
from unsohable instancedo solvable instances. The point
where50% of the instanceshave a solution correspondgo
thepeakin thesearchcomplexity.

Figure 2 shaws the curvesfor the percentagef solvable
instancedor threevaluesof c. We obsenethatwhenincreas-
ing ¢ the location of the thresholdpoint decreaseand the
transitionbecomessharper A possibleexplanationfor the
changen locationis thatby increasing:, while keepingthe
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Figure2: Phasdransitionfor fixed connectvity modelwith
c=2,3and4.
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Figure 3: Complity and phasetransitionfor the constant
probabilitymodelfor p = 0.18.

numberof jobs andcompaniedixed, we increasethe proba-
bility thatthereexistsanallocationfor all thejobs,sinceeach
job cannow be performedby morecompaniesand,givenour
fixedconnectvity modelfor assigningobs, it is moreproba-
ble thatoneor moreof thesecompaniecanperformthe job
for alow cost. Therefore we reachthe solvableregion with
a smallernumberof companies. Concerningthe difficulty
of solvingtheinstancesye obsere thatat the phaseransi-
tion threshold the mediannumberof branchess about4 for
¢ = 2,1000 for ¢ = 3, and1 - 10° for ¢ = 4. So,we have
anapparenexponentialscalingin ¢. Thisis consistentvith
findingsfor the K-SAT model,for increasingvaluesof K.

For the constant-probabilitynodel, we considerinstances
obtainedwith threedifferentvaluesof p: 0.16, 0.17 and0.18.
Weillustratethe generabehaior obsenedin thethreecases
by focusingon the p = 0.18 case. SeeFigure 3. We ob-
sene a similar behaior asfor the fixed connectvity model.
However, in this case,we still find unsohableinstancegar
away to theright of thethreshold.Thisis dueto thefactthat
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in this model, thereis a finite probability that somejobs are
notassignedo any companiesFigure4 shavsthecurvesfor

the percentagef solvableinstancedor the threecasesf p.

We obsenre a similar behaior aswith the fixed connectvity
model. However, this time the valuesfor the mediannum-
ber of branchesn the thresholdpoint aremuchlower, 2 for

p=0.16, 3 for p = 0.17, and687 for p = 0.18.

In Figure 5, we comparethe relatve hardnessof the
constant-probabilitynodelandthefixed-connectiity model.
A valueof p = 0.18 correspondso an averageof 4.4 com-
paniesper job. For our fixed-connectiity model,we useda
connectvity of ¢ = 3 companiegerjob. (With ¢ = 4, the
curve would lie still higher) Thefigure shawvs thatthe fixed-
connectvity model leadsto substantiallyharderinstances
thanthe fixed-probabilitymodel. Thesefindingsare consis-
tent with what happensn the two analogousandommod-
elsfor the SAT problem,the randomK-SAT modelandthe
constant-probabilitynodel[6].

6 Conclusionsand futur e work

We have presentec formalizationof the job allocationcom-
ponentof the VTC problemwith two alternatve definitions
for the notion of fairness We alsopresentedninitial analy-
sis of the computationatifficult of finding fair assignments.
The compleity of this taskis determinedoy the structureof
the costmatrix. The ratio of companiedo jobs providesa
naturalparameterizatiomf the problem,andleadsto phase
transitionphenomenan which hard regions of the problem
spacecanbeindentified.

In the next phaseof the project,we will considerthe bid-
ding procesgor companiegor submittingtheir costsfor per
forming thevarioustasks.In particular we will studymecha-
nismsthatcanbeusedto compela compaly to submita cost
figurethatis ascloseaspossibleto the true costfor thecom-
pary. We will alsoconsideithecomplexity of theoverallbid-
ding processCombinedwith ourfindingsfor the complexity
of thejob allocationprocessa detailedunderstandingf all
sourcenf compleity shouldenableusto designan overall
efficientandfair multi-agentapproactor the VTC problem.
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