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Abstract

We presenta formalizationof the Virtual Trans-
portationCompany (VTC) problemand study its
structureand computationalcomplexity, focusing
on the job allocationcomponent.We proposetwo
differentnotionsof fairnessfor job allocation.The
problem domain has a rich underlying structure
with complexity propertiesrangingfrompolynomi-
ally solvablecasesto casesfor which finding even
approximatesolutionsis hard.We alsogiveempir-
ical resultsthat show the existenceof phasetran-
sition phenomenain thedomainandsuggestways
for managingthecomputationalcomplexity of the
allocationtaskin practicalsettings.

1 Intr oduction
The“Virtual TransportationCompany” (VTC) problempro-
vides a compellingframework for the study of multi-agent
behaviors andtheir inherentcomputationalcomplexity. Ac-
cording to the VTC problem, the Departmentof Defense
(DOD) needsto formulateand executeplansfor transport-
ing personnelandequipmentin a caseof anemergency situ-
ation. A numberof companieshave signedagreementswith
theDOD to providetransportationrequiredin suchsituations.
Theagreementsinvolve a certainamountof regularcontrac-
tual work that the DOD awardsto the companieswith the
understandingthat in caseof a crisis the companiesprovide
emergency servicesproportionallyto thecontractualwork re-
ceived. The companiesprovide estimatesof what it would
costthe company to provide eachemergency task. After all
estimatesarein, theDOD goesthrougha job allocationpro-
cesswhereit tries to assignjobs in a “f air” (balanced)man-
ner to thevariouscompanies.In this paper, we focuson this
job allocationprocess.We proposetwo definitionsof fair-
ness,andconsiderthecomplexity of theallocationtask.The
complexity of theallocationtaskhasa numberof interesting
structuralproperties.We identify a worst-casepolynomially
solvablesub-case,and,in termsof averagecasebehavior, we
provide phasetransitiondiagramsthat identify the sources
of complexity for the generalcase.In the next phaseof the
project,wewill considerbiddingstrategiesfor thecompanies
aswell asincentivesthattheDOD canuseto compelthecom-
paniesto betruthful in their costproposals.We alsoplan to

extendourcomplexity analysisto thefull VTC domain.Such
ananalysisshouldallow usto designanefficientmulti-agent
biddingandallocationstrategy for theVTC domain.

Thepaperis organizedasfollows. In section2, weformal-
ize the allocationproblem. In sections3 and4, we present
generalizationsand specialcasesof the problem,and ana-
lyze their complexity. In section5.1, we describea system-
atic searchalgorithmfor solving the allocationtask. In sec-
tion 5.2,weexplain thetwo differentmodelsusedto generate
probleminstances.Finally, in section5.3, we presentphase
transitiondiagramsfor thesearchcomplexity andthesolution
probabilityof theallocationproblem.

2 Formalization of the allocation problem
We studytheproblemof assigningjobs to companiesin the
VTC domain. Eachcompany hasan “opportunity” cost for
performingeachjob, which is known to thatcompany alone.
The company declaresa cost for performingeachjob that
might not be true. In this paper, we will assumethat thede-
claredcostsarecloseto theactualcosts.In thesecondphase
of this research,we will abandonthis assumptionandcon-
siderincentivesfor gettingcompaniesto submittruthful esti-
mates.TheDOD mustchooseanassignmentof jobsto com-
paniesbasedon thedeclaredcosts,suchthat thetotal costis
minimizedandthetotalcostfor eachcompany is proportional
to its incomefromtheDODcontracts.Wefirst consideraver-
sionof theproblemwhereall companieshave beenawarded
thesameamountof contractualwork from theDOD, sothat
all shouldsharean equaltotal cost from implementingthe
crisisplan.

Minimizing thetotalcostleadsto asolutionthatmaximizes
thesocialbenefit,thatis thetotalprofit thatall thecompanies
make from the agreements.If this were the only goal for
thedepartmentof defense,thentheoptimalallocationcanbe
determinedby a greedyalgorithmwhich assignseachjob to
the company that hasthe smallestcost for that job. Under
this setting,it couldbethecasethata certaincompany is as-
signeda largepercentageof thejobs,becauseit canperform
themfor theleastcost;this company would thushave a total
costmuchhigherthanthetotal costfor theothercompanies.
This situationmay make the company unwilling to partici-
patein futureagreementswith theDOD. In relatedwork [8],
ShohamandTennenholtzassigneachjob to thecompany that
canperformit for theleastcostandachieve fairnessby hav-



Jobs
Companies 1 2 3 4 5

1 100 100 50 50 50
2 95 90 30 25 30
3 95 90 25 30 25

Table1: Exampleof a costmatrix for the VTC problem. A
lex min-maxfair allocationis givenin bold.

ing companiespay to the companiesthatarechosento han-
dle the jobsanamountof money equalto thetotal cost. Our
approachdoesnot involvemonetarypaymentsbetweencom-
panies. We explore insteadstrategies for obtaininga “f air”
initial job allocationbasedon thecostmatrixprovidedby the
companies.Suchanassignmentneedsto minimizetheover-
all costfor performingall thejobs,while distributingthecost
amongcompaniesasevenlyaspossible.

Let
�

bethenumberof companies,and � thenumberof
jobs. Let ����� � and ����	� � be the real andthe declaredcostsfor
company 
 to handlejob � . As statedabove,we assumethat
the declaredcostsareapproximatelyequalto the real ones.
Table1 givesanexampleof a costmatrix for theVTC prob-
lemwith 3 companiesand4 jobs.

Let � � be the setof jobs allocatedto company 
 . A full
allocation ��
���������������������������� givesthejob allocationfor
eachcompany. The sets ��� are disjoint and their union is
the setof all jobs �! "�������#���$� . Let %&�'
 ��(")+* ������ � be the
total costfor company 
 . The goal is to selectan allocation
� suchthat the total costs%&� arefair, meaningthat they are
balanced,andthatthey areassmallaspossible.We consider
two notionsof fairness. The first definition minimizes the
maximumtotal costamongthecompanies.This definitionis
analogousto minimizing theso-calledmake-spanin job shop
scheduling.

Definition 2.1 Min-max fair ness. A min-maxfair alloca-
tion is the allocation that minimizesthe maximumcostpaid
byanycompany.

In the examplein Table 1, we give a min-max fair allo-
cation in bold face. This allocation �-, assignsjob # 1 to
company 1, job # 2 to company 2, and jobs # 3, #4, and
#5 to company 3. �., hasa maximumtotal costof 100 (for
company 1). In this allocation, % � 
/ #0102��% � 
4310�� and
%65�
8710 . Anothermin-maxfair allocation,�-, , wouldswitch
the assignmentsof jobs #1 and#2 around(i.e., assign#1 to
company 2, and#2 to company 1). Themaximumtotal cost
wouldagainbe100.

Althoughallocations�., with �-, , have thesamemaximum
total cost, �-, is preferablebecauseit assignsa total job cost
of 90 to company 2, while �-, , assignscompany 2 a total cost
of 95. (Note that both allocationsassignjobs #3, #4, and
#5 to company 3.) The following notion of fairnessrefines
the min-max fairnessand gives preferenceof �-, over �-, , .
With eachallocation � , we introducea costvector9�:��<; con-
sistingof total costs %=� for allocation � orderedfrom high-
est to lowest. For example, 9�:��-,>;?
A@B �0�02��3102��C1CED and
9�:��-, ,>;F
A@� �010��G3�C2�GC�C6D .

Definition 2.2 Lex min-max fair ness. Assignment� is

fairer thanassignment�-, if andonly if 9�:��H; is lexicograph-
ically smaller than 9�:��-,>; . The lex min-maxfair allocation
is theallocation that hasthe lexicographicallysmallestcost
vector.

Thisnotionof fairnessis analogousto thefairnessconcept
usedin load balancingin network design[4]. In the exam-
ple in Table1, �-, (in bold) is thelex min-maxfair allocation
becauseits costvectoris lexicographicallybeforethatof �-, , .
(Also, notethatotherallocationsareworsein termsof their
costvector. E.g., �-, , , with company 1 assigned��I2�GJK� , com-
pany 2 assigned��L�� , andcompany 3 assigned�� ��GC�� hascost
vector @M #L102�N �0�02�G3�COD .) Clearly, lex min-maxfairnessim-
pliesmin-maxfairness.

The min-maxfairnessoptimizationproblemis equivalent
to the MinimumMultiprocessorSchedulingproblem,which
is definedas follows. Given a set P of tasks,a number

�
of processors,length QR:TS��>
�;�UWVHX for eachtask SYUZP and
processor
AU\[T ]����� �_^ , find an

�
-processorschedulefor P ,

i.e. a function `ba�Pdce[f g����� �_^ , with the minimum value
of hji�k � l ("mon p!q lTrts � Q	:TS���
�; . In our VTC allocationproblem,
if we take jobsastasks,companiesasmachines,andcostsas
lengthsof tasks,wehaveexactlythemulti-processorschedul-
ing problem. This problemis not only NP-hardbut alsonot
approximablewithin afactorof I�u�L-v&wx�Gy.wgD�0 in polynomial
time [5].

3 Generalizations
Sofar, wehaveassumedthattheincome(call it z � ) thatcom-
pany 
 obtainsfrom signingtheagreementis thesamefor all
companies.If this is not thecase,thena reasonablealterna-
tive objective is to make the ratio of cost to income { *| * be
asbalancedaspossiblefor all companies.An algorithmthat
solvesthe simplified (with all z<� ’s identical)versionof the
problemcanbemodifiedto handlethemoregeneralcase,by

usingadjustedcostvaluesof theform � |�	� � 
W}�~*t� �| * .
A secondgeneralizationis to considerthe casewherethe

totalcostfor acompany doesnotequalthesumof theindivid-
ual costsof eachjob assignedto it. For example,if two jobs
involveeachsendingacratefrom thesamesourceto thesame
destination,thenit might cost lessfor the samecompany to
handlebothof themcomparedto thesumof their individual
costs. On the otherhand,addingmore jobs could have the
oppositeeffect aswell. The planeusedfor transportmight
reachits capacityafteraddinga certainnumberof crates,so
the next crateaddedwill meana new flight is needed. To
modelthis setting,onewould haveto allow thecompaniesto
submitmorecomplex costfunctionsinsteadof simply a set
of entriesfor thecostmatrix. Thecomplexity of theassign-
mentproblemwouldclearlyincrease.Characterizingsuchan
increasein complexity is a topic for furtherstudy.

4 Boundary cases
4.1 Uniform bidding
Although in generalthe companiesare assumednot to co-
operate,it might be the casethat they actuallydo, and, for
example,give the samecost for eachjob. In this case,we



have �x��	� � 
�������R� � y�
#��
>, . (The samevalue in eachcell of a
given� columnof the costmatrix.) We againwant to deter-
minewhetherit is possibleto assignall jobsto thecompanies
withoutassigningatotal costof morethan % to any of them.
The VTC assignmentproblemin this casebecomesequiva-
lent to bin packing. The bin packingproblemis definedas
follows. Given

�
binsof size ��DZ0 anda finite setof items�

with eachitem �\U � having a size ��:T��;�U\V<X is it pos-
sible to partition theset

�
into disjoint subsets

� � , suchthat
hji1k�� � ("�K* ��:��F;��/� ? The bin-packingproblemis NP-
completebut goodapproximationschemesandaverage-case
resultsareknown.

4.2 Uniform cost

Anotherspecialcaseiswheneachcompany declaresthesame
costfor eachjob it canhandle,thatis �x��	� � 
b�x��	� �>� 
b���G�>y�������, .
This canhappenwhenthe varioustasksareall quitesimilar
(e.g., the transportof similar units). In the costmatrix, we
wouldhavethesamevaluein eachcell of agivenrow. In this
case,thereis a polynomialtime algorithmthatgivesthe lex
min-maxfair allocation.

set �N��
�02�Gy�
�
E "��������� �
for �O
� "�������#���

find �o�6
���9N����
	�o� � ���"� ��� ��� � � and


�
���9N������� ��� �R(")K� �1� � � � � , thenset � � 
�� �.� � �

Notethat ��� is asetsincewewantall the 
>, ’sthatminimize
the argument,but for the ��9N�!� ��� we cantake any of them
at random,if therearemorethanone 
>, , ’s thatmaximizethe
argument.In theend,�"� is thecostfor company 
 and ¡ *} * is the
numberof jobs thatshouldbeassignedto it. This algorithm
runsin time ¢�:��¤£ � ; . It canbeshown thatthis algorithm
findsa lex min-maxfair allocation.

The algorithmalsoworks in a moregeneralsetting. As-
sumethateachcompany 
 hasa limit ¥ � , which is the max-
imum numberof jobs that canbe assignedto that company.
This generalizationis basedon the fact thata company may
not have theresourcesto handletoo many jobs. Theoriginal
algorithmcanbemodifiedso that, if a company hasreached
its limit � � 
E¥ � £?� � , it is not chosento participatein set ���
anymore.

5 Characterizing the complexity of the
allocation problem

Thecomplexity of theVTC allocationproblemis determined
by the form of the costmatrix. As notedabove, the general
problemis NP-complete,but onecanobtainusefulfurtherin-
sightsinto thecomplexity of theproblemby consideringcer-
tainspecialcasesfor thecostmatrix. In theprevioussection,
we consideredtwo boundarycases. The uniform cost sce-
nario leadsto a polynomial time solvableproblem,and the
uniformbiddingscenarioleadsto aproblemequivalentto the
knapsackproblem,which is NP-completebut for whichgood
approximationmethodsareknown. In practice,the form of
the costmatrix will lie in betweentheseextremes.To study

the generalscenario,we will now presentdataon the hard-
nessof themin-maxfair VTC allocationproblemundertwo
differentinstancedistributions.For relatedwork on theinter-
play betweenstructureandaverage-casecomplexity, see[1;
2; 7].

5.1 A decisionalgorithm for min-max fair
allocation

We usea backtracksearchmethodto determinewhetheran
allocationexistsgivena predefinedmaximumcost % for the
companies.The algorithmstartsthe searchwith no jobs as-
signedto any company andwith a total accumulatedcostfor
every company setto zero. At every nodeof thesearchtree,
the algorithmselectsan unassignedjob andassignsthis job
to oneof thecompaniesthatcanperformthe job without in-
creasingits accumulatedcostabovetheupperlimit % . When
thealgorithmreachesa point wherefor someunassignedjob
thereareno companiesavailable,it backtracksto reconsider
its previousassignments.

A branchingheuristicand a value orderingheuristicare
usedto try to find a solutionasquickly aspossible.At every
node,we pick the job with theminimumnumberof compa-
niesableto performit andwe considertheavailablecompa-
niesin decreasingorderof their accumulatedcosts(provided
the costsarebelow the limit % ). The intuition behindthese
heuristicsis to try to branchfirst onavariablethatproducesa
subtreewith aminimalbranchingfactor, and,in thevaluese-
lection,we try to find aninconsistentpartialsolutionassoon
aspossibleto prunethesearchspace.

5.2 Instancedistributions
In order to studyaverage-casecomplexity propertiesof our
domain,weneedto decideonaprobleminstancedistribution.
We will considertwo modelsfor generatingtheinstances.In
eachmodel,we first needto specifythe numberof jobs � ,
thenumberof companies

�
, andaclosedinterval of allowed

integer costsfor the jobs :G[§¦�¨�� � ¨ ^ ; . We thendecide,for
every job, which companiescanperformthejob. Finally, the
cost of performinga job for a chosencompany is selected
uniformly at randomfrom theinterval [§¦�¨�� � ¨ ^ .

The modelsdiffer in the way jobs are selectedfor each
company. In the fixed connectivitymodel, we usean addi-
tional parameter� . For eachjob, we selectuniformly at ran-
dom, � companiesthatcanperformthe job. In theconstant-
probability model, we useinsteada fixedprobability © , with
0ª@/©«�¬ for selectingcompanies. For eachjob, each
company is selectedfor thejob with probability © . Thesein-
stancedistributionsaremotivatedby thetwo mostcommonly
studiedprobabilitydistributionsfor theBooleansatisfiability
problem[6].

5.3 Phasetransition phenomenaand complexity
We now presentour experimentaldatafor the average-case
complexity of finding a min-maxfair allocationwith a max-
imum cost lessthana given limit % . For eachof our ran-
dominstancedistributions,wegenerateinstanceswith afixed
numberof jobs (45) and a fixed interval of allowed costs
( [ J�02�­ #010 ^ ), but we vary thenumberof companiesamongthe
instancesto study the effect of having lesscompaniesthan



0

200

400

600

800

1000

1200

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8
0

0.25

0.5

0.75

1
br

an
ch

es

%
 o

f s
ol

ut
io

ns

®

companies/jobs

branches
% of solutions

Figure1: Complexity andphasetransitionfor fixedconnec-
tivity modelwith ��
�I .

jobs,almostthesamenumberof companiesasjobs,andmore
companiesthanjobs. Whensolving the instancesthe upper
limit cost :>%¯; hasbeenfixedat  #IK . In our setting,this re-
sultedin allocationswith a relatively low probabilityof hav-
ing a company performmorethantwo jobs. In futurework,
wewill studytheinfluenceof thechoiceof thevalueof % on
theoverall results.

For thefixedconnectivity model,we consideredinstances
for severalvaluesof � . Figure1 givesthedatafor the ��
bI
case,which is representative of the average-casecomplex-
ity asa function of the ratio of the numberof companiesto
the numberof jobs (x-axis). The solid line shows the me-
diannumberof branchesin thesearchtreevisitedby theal-
gorithm. The dashedline shows the percentageof instances
that werefound to have a solution. We observe that for in-
stanceswith few companiescomparedto thenumberof jobs,
it is relatively easyto determinethatthereis nofair allocation
with % lessthanthe presetlimit. Increasingthe numberof
companies,increasesthechanceof finding solvableproblem
instancesbut also the complexity of solving the allocation
task. Whenwe continueto increasethe numberof compa-
nies, the mediansearchcost begins to decrease,leadingto
anotherregion wherethe instancesareeasilysolved. So,the
ratio of companiesto jobs provides the right parameteriza-
tion for the problemand we obtain the characteristiceasy-
hard-easypatternin the computationaldifficulty of solving
theinstances[6; 3]. Lookingat thedashedcurve,weobserve
that theeasyregion on the left correspondsto instancesthat
almostalwayshave no solution,the easyregion of the right
correspondsto instancesthatalmostalwayshave a solution.
In betweenthesetwo regions,we observe a sharptransition
from unsolvable instancesto solvable instances.The point
where50% of the instanceshave a solution correspondsto
thepeakin thesearchcomplexity.

Figure2 shows the curvesfor the percentageof solvable
instancesfor threevaluesof � . Weobservethatwhenincreas-
ing � the location of the thresholdpoint decreasesand the
transitionbecomessharper. A possibleexplanationfor the
changein locationis thatby increasing� , while keepingthe
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Figure 3: Complexity andphasetransitionfor the constant
probabilitymodelfor ©�
802�° �7 .

numberof jobsandcompaniesfixed,we increasetheproba-
bility thatthereexistsanallocationfor all thejobs,sinceeach
job cannow beperformedby morecompaniesand,givenour
fixedconnectivity modelfor assigningjobs,it is moreproba-
ble thatoneor moreof thesecompaniescanperformthe job
for a low cost. Therefore,we reachthesolvableregion with
a smallernumberof companies.Concerningthe difficulty
of solving the instances,we observe thatat thephasetransi-
tion threshold,themediannumberof branchesis aboutJ for
�O
�L ,  �0�010 for �O
�I , and  ²±� #01³ for �_
�J . So,we have
anapparentexponentialscalingin � . This is consistentwith
findingsfor theK-SAT model,for increasingvaluesof K.

For theconstant-probabilitymodel,we considerinstances
obtainedwith threedifferentvaluesof © : 02�° �´ , 0��� �µ and0��� #7 .
We illustratethegeneralbehavior observedin thethreecases
by focusingon the ©W
¶02�° �7 case. SeeFigure 3. We ob-
serve a similar behavior asfor thefixedconnectivity model.
However, in this case,we still find unsolvableinstancesfar
away to theright of thethreshold.This is dueto thefactthat
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Figure5: Comparingthedifficulty of solvinginstancesfrom
thetwo instancedistributions.

in this model,thereis a finite probability thatsomejobs are
notassignedto any companies.Figure4 showsthecurvesfor
thepercentageof solvableinstancesfor the threecasesof © .
We observe a similar behavior aswith the fixed connectvity
model. However, this time the valuesfor the mediannum-
berof branchesin the thresholdpoint aremuchlower, L for
©�
�0��� #´ , I for ©�
�02�° 1µ , and ´17�µ for ©�
�02�° �7 .

In Figure 5, we comparethe relative hardnessof the
constant-probabilitymodelandthefixed-connectivity model.
A valueof ©¸
�02�° �7 correspondsto an averageof 4.4 com-
paniesper job. For our fixed-connectivity model,we useda
connectivity of �_
¹I companiesper job. (With �º
WJ , the
curvewould lie still higher.) Thefigureshows thatthefixed-
connectivity model leads to substantiallyharder instances
thanthe fixed-probabilitymodel. Thesefindingsareconsis-
tent with what happensin the two analogousrandommod-
els for the SAT problem,the randomK-SAT modelandthe
constant-probabilitymodel[6].

6 Conclusionsand futur e work
We havepresenteda formalizationof thejob allocationcom-
ponentof the VTC problemwith two alternative definitions
for thenotionof fairness.We alsopresentedaninitial analy-
sisof thecomputationaldifficult of finding fair assignments.
Thecomplexity of this taskis determinedby thestructureof
the cost matrix. The ratio of companiesto jobs providesa
naturalparameterizationof the problem,andleadsto phase
transitionphenomenain which hardregionsof the problem
spacecanbeindentified.

In the next phaseof theproject,we will considerthebid-
dingprocessfor companiesfor submittingtheircostsfor per-
formingthevarioustasks.In particular, wewill studymecha-
nismsthatcanbeusedto compela company to submitacost
figurethatis ascloseaspossibleto thetruecostfor thecom-
pany. Wewill alsoconsiderthecomplexity of theoverallbid-
dingprocess.Combinedwith ourfindingsfor thecomplexity
of the job allocationprocess,a detailedunderstandingof all
sourcesof complexity shouldenableus to designan overall
efficientandfair multi-agentapproachfor theVTC problem.
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