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Linear Spectral Mixture Models and Support Vector
Machines for Remote Sensing

Martin Brown, Hugh G. Lewis, and Steve R. Gunn

Abstract—Mixture modeling is becoming an increasingly has since led to the investigation of satellite imagery to supple-
important tool in the remote sensing community as researchers ment these existing data collection methods [17], [35].
attempt to resolve subpixel, area information. This paper com-  Trajtionally, the production of maps from satellite imagery
pares a well-established technique, linear spectral mixture models that h pixel of the i b . dt inal
(LSMM), with a much newer idea based on data selection, support assumes that eac plxg 0 elmgge_can € assigne o.a single
vector machines (SVM). It is shown that the constrained least land cover class. A crisp classification process then aims to
squares LSMM is equivalent to the linear SVM, which relies attach one of a number of mutually exclusive labels within a
on proving that the LSMM algorithm possesses the “maximum - closed world environment. In this context, the algorithms are
margin” property. This in turn shows that the LSMM algorithm ¢y j1ated for two reasons: discrimination, which is the prac-

can be derived from the same optimality conditions as the linear fi f dividi the feat int b f
SVM, which provides important insights about the role of the ICE OT dividing Up e leature Space Intc a nNUMber ol nonovers

bias term and rank deficiency in the pure pixel matrix within the  lapping regions, and statistical pattern recognition, which is the
LSMM algorithm. It also highlights one of the main advantages practice of modeling the posterior (or prior) distributions for a
for using the linear SVM algorithm in that it performs automatic  predefined number of classes.

“pure pixel” selection from a much larger database. In addition, In such problems, it is typically assumed that the process of

extensions to the basic SVM algorithm allow the technique to be fi b ble dat be d dint b
applied to data sets that exhibit spectral confusion (overlapping generating observablie data may be decomposed into a number

sets of pure pixels) and to data sets that have nonlinear mixture Of independent classes;, each of which is a subprocess gen-
regions. Several illustrative examples, based on an area-labelederating datar according to a particular class-conditional den-

Landsat TM dataset, are used to demonstrate the potential of this sity for that class. When the class conditional densities do not

approach. overlap, a discrimination approach is appropriate, but when they
Index Terms—Area estimation, linear spectral mixture models, do overlap, a statistical pattern recognition approach that models
support vector machines. the posterior probabilitiep(C;|«) is more suitable. The sta-

tistical approach is generally necessary, as the chosen feature
vector does not contain enough information to separate all the
classes completely.
HE MAPPING of land cover and land use is a key ap- |mplicit in the traditional classification process is the con-
plication of remotely sensed data [18]. Information in thgept that each feature vector should be mapped into one of the
form of area estimates and crop yields (during harvest periogfasses of interest. However, the spatial characteristics of satel-
for example) has particular interest for government agencies figs sensors are such that a significant amount of confusion can
sponsible for economic, social or environmental policy. Typlyise from variable land cover in the instantaneous field of view
cally, these agencies require complete and accurate estimatem:qf)v)_ In addition, energy transfer into and from neighboring
area. When remotely sensed data has been considered for megys leads to further pixel ambiguity. In order to meet the ac-
itoring the landscape, it has been suggested that an acceptgfi@cy requirements imposed upon the production of land cover
accuracy limit for land cover maps is 85% [2]. In many areagaps; itis necessary to resolve these ambiguities. The process of
vegetation and crops occur within small land parcels and the fgixed-pixel classification is therefore to model the class mixing
motely sensed data that is used requires a high spatial reso'“B%bortions [15] (percentage ground cover area) rather than es-
to produce land cover maps of an acceptable accuracy. Govgfirte the probability that the signature corresponds to a par-
ment data collection methods have utilized aerial photograpfyylar class label. In practice, it is often found that the pos-
for this reason, but the frequency of acquisition, financial, andrior probabilities are correlated with the area predictions but
practical constraints involved in the use of aerial photograplya they represent orthogonal information. Errors due to statis-
tical uncertainty and measurements based on area mixing, re-
spectively. The land parcel associated with each pixel cannot be
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CLS LSMM algorithm is equivalent to the linear SVM’'s whenthat several primitive classes of interest can be selected, that
both models are designed using the same data set and the seaaé of these primitive classes has a unique spectral signature (a
thresholding and normalizing operations are applied. This $e called endmember or pure pixel), which can be identified and

an important result for a number of reasons as it shows ttiet the mixing between these classes can be adequately mod-
following. eled as a linear combination of the spectral signatures. Each of

1) The linear SVM algorithm implements the same modénese three assumptions may be satisfied to varying degrees, but
as the CLS LSMM but also performs pure pixel selectiott is worthwhile commenting on each.
automatica”y, from a potentia”y |arge data set. Theoretically, the classes should be mutually exclusive (able
2) The CLS LSMM algorithm satisfies the “margin max10 be completely discriminated from the other classes), and the
imization” property, which effectively constrains thechosen classes should be complete (closed world assumption).

mixing region’s orientation when the number of classeEhis is to ensure that the chosen classes cover every possible
(pure pixels) is less than or equal to the number &ftuation within the application domain, hence these classes are

spectral bands. termed primitives, [23]. In practice, these assumptions cannot
3) The CLS LSMM algorithms can be derived from a difbe met, otherwise 100% accurate classification results for con-

ferent set of optimality constraints, similar to the SvVmentional remote sensing pattern recognition would have been

algorithm, where the margin maximization property is exdchieved. The closed world assumption is often approached by

plicit. introducing general classes such as shade, cloud and others.
4) The pure pixe| matrix in the CLS LSMM can be rank The identification of the pure pixel value is often difficult.

deficient in certain circumstances and highlights the rolehe two methods that have been proposed in the literature are
of the bias term in the original LSMM. to measure the spectral properties in a laboratory and then

In addition, the more general SVM framework provides tecpnodify the results to account for _atmospheric and sa_tellite
niques for dealing with cases where the potential sets of pl@cesses and to select a “pure pixel” from a labeled image
pixels for different classes overlap (due to spectral confusioy}d Use measured spectral values as the spectral signature for
and also where the mixture regions could be nonlinear. Ov at class. For the former technique, the accurate modeling of

lapping sets of pure pixels are dealt with by requiring the mod@imospheric and §atel|ite effects has. peen difficult to achieve,
to make as few “misclassifications” on the pure pixels as pc)g_ence most algorithms use the empirical approach where the

sible, yet also requiring the mixing region to be as large as pcggllected data sets implicitly contains information about the

sible. Classification errors are regarded as arising from the spBpYSical processes (forwards model) in satellite measurement

tral confusion, whereas the mixing region represents the def@¥Stém- The data set used to design the area-based classifier

ministic spectral signature mixing. These two competing coH1€N consists of the identified pure pixels. _
straints are weighted against each other according to a “re Assuming that a primitive class can be represented by a single

ularization” parameter that limits the model's flexibility. Thevector of spectral values is often unrealistic. Atmospheric, tem-

parameter's value can be fixed by the designer or optimiz@&ral and spa_tial variation_s occur in most of the classes of in-
using a cross-validation technique. Nonlinear mixture regiofe/€St and whilst the satellite imagery should be pre-processed
can be formed using kernels such as radial basis functions, pdty-much as possible to remove these effects, variations in the-
nomials, piecewise polynomial splines and in certain cases sj€tical pure spectra are inevitable. Many of the classes of in-
moidal nodes [8]. In each case, the input space is mapped &St can be termed composite classes, made up from simpler
higher dimensional “kernel-space” and the same processesfBlitive classes. This has been noted in the literature: "With
performed in this transformed space as normally occurs for thi¢ 9eneralized classes used in linear mixing there is clearly

linear SVM algorithms. The range of different kernel nodes i€ Possibility that the resultant spectra may be generally un-

clude several traditional nonlinear modeling algorithms as wéfiPresentative of the majority of pixels in the study area,” [31].

as some neuronally inspired techniques. In all these cases, bgdicting the mixture components of such composite classes is

of the key points about the SVM algorithms is that they perforﬁll'ﬁicu" [_23] unless they satisfy certain c_onditions that state the
automatic pure pixel selection from potential sets of pure pixef2MPosite classes are mutually exclusive and formed from the
In many general classification problems, it has been found tfditive union of simpler primitive classes for which the linear
between 3 and 5% of the potential pure pixels are selected aAtNY assumptions hold. In practice, this will never be com-

that the overall performance of the system is at least as good”4ely true, so effort must be directed at measuring the effect

that obtained using conventional empirical modeling and cla&f this on the predictions. o
sification algorithms [8]. Finally, the linear mixing assumption limits the number of

primitive classes;, which can be identified by < n+ 1, where

n is the number of measured spectral bands. When the com-
posite classes of interest are formed from combinations of these

Spectral unmixing has been used as a technique for analyzprgnitive classes, the bound should still hold for the underlying

the mixture of components in remotely sensed images for gkimitive classes, if the predicted outputs are to be interpreted
most 30 years, [15]. During that time, it has been used to study mixing proportions. Hence, the bound on the number of com-
the rock and soil components collected on the Viking Mars miposite classes of interest may in fact be much tighter as the spec-
sions [1] and to estimate ground and vegetation cover, [11], [3@al mixing occurs between the primitive classes, and this is a
[32], for instance. The technigue is based on the assumptiduedamental constraint on any set of derived composite classes.

Il. LINEAR SPECTRAL MIXTURE MODELS
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This is illustrated in Fig. 4, where there exists three primitiveecting” the gains associated with each spectral band. In addi-

classes and two composite classes. tion, the output mixing proportions can be re-expressed as
N . Tey—1 1
A. Algorithmic Implementation y=C <I— 11 C_’1 )RTV1w+ C _11 ©)
17Cc—1 17Cc—1

Assuming there exist primitive! classes of interest and
spectral bands/features, which are used to model the class nikerel is the identity matrix. This is obviously an affine inverse
ture, the user must specifynax ¢ matrix R, which contains the model
spectral features of the “pure pixels,” one from each class. The
assumed linear model is therefore of the form y=Wz+b ()

where the linear gain matri and the vector of biasdsare
given by equating terms with (6).

wherez is the vector of spectral inputs andis the vector of The partition of unity constraint in (4) does not ensure that the
mixing proportions. It is assumed th& is full-rank, i.e., all estimates lie in the unit interval however, and in order to impose
the pure pixels are linearly independent. This may or not @is on the solution explicitly, a common practice is togeto 0

true and is further discussed in Section I1-B.2. This specificitheny; <0 and then normalize the remaining estimates. There
tion has been termed a “classical estimator,” as it describes h@¥ists many variations on the basic CLS LSMM algorithm to
the satellite’s measurements are related to the land cover mixifgestimate the mixing proportions when any are estimated to be
proportions [20], [26]. In this context, an “inverse model” spedl€gative or greater than one, but these only modify the mixtures
ifies how the land cover components are related to the satellité'sa limited domain and the relative merits of the different ap-

z =Ry (1)

spectral measuremenjs= f(z). proaches lie outside the scope of this paper. Note however, that
Let V denote the covariance error matrix of the observatiofighay be useful to threshold the outputs when they are greater
Z, SO than 1 as well, prior to normalizing the remaining values, and
this will be further discussed in Section Il
T=x+¢ )
v :E(eeT) B. Interpretation

The CLS LSMM equations describe how the class mixtures
Then the goal of predicting the class mixtures is formulated gsare related to the measured spectral measuremeihsthis

minimizing the weighted sum squared error section, the structure of such mixtures is analyzed and some
remarks are made about the way CLS LSMM algorithms are

J=(E-x)V (& -x) (2)  represented and implemented. First, some terminology needs to
=(z— Ry)"V (& — Ry). (3) Dbe defined. A classoreis defined as the area in feature space

where the pixels are full member of that class, i.e. jtiheclass’
In addition, to ensure that estimated mixtures sum to unity, @Bre is defined as

additional linear constraint is introduced into the optimization
goal, namely ¢j = {z: pj(z) = 1} (8)

< where () denotes the (area-based) degree of membership of
dy=1 (4)  that class.
j=1 The two contours formed by each unthresholded, non-nor-

(an alternative set of constraints is described in Section 111-gJ12/izéd LSMM outputy;, evaluated at 0 and 1, are parallel
This linear constraint can be combined with the quadratic erfd¥Perplanes which pass through the pure pixels for the other

loss criteria to produce a closed-form, constrained least squafiasses and for the exemplar class, respectively. These contours
(CLS) estimate [9] of the mixing proportions are termed margin boundaries, where a “boundary” is defined

as
c11

=Cle— ————
v 1TC 11

(1TCc te-1) (5) bf» = {x: y;(x) = 6}. 9)
Each model is a linear function in its margin;, where the

whereC = R*V~'R is the weighted autocorrelation matrix, I ' : S
Ter 1 . . . margin is defined as the volume in feature space which lies be-
e = R* V™ "z is the weighted cross correlation vector, anig
tween the two contour extrema

a unity column vector. This is derived using a standard Lagrange
ana!ysis of a qgadrgtﬁc programming prob.Iem with linear con- my = {z: 0 < y,;(x) < 1}. (20)
straints [9] and implicitly assumes that the inverse of the matrix

C exists, a point further discussed in Section II-B.2. Note thdhe area of linear mixing for the overall multi-output model is
the first term on the right hand side of this equation is simplgiven by the intersection of the single output models’ margins
a weighted least squares estimator and the second ensures that
the estimates sum to unity by introducing a bias term and “cor-

1This analysis also follows for composite classes formed from the additionWhen_c =n+1the '”tefseC“Q” forms a_(:los_ed simplexali- )
primitive classes that satisfy the appropriate constraints. mensional feature space, as illustrated in Fig. 1. When the input

m = Nj_m;. (12)
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Fig. 2. Two potential mixing margins for a two-input, two-class problem with
pure pixelsz! andz?. The solid lines denote the zero and one boundaries for
the solution, which maximizes the margin’s width, yet the dashed lines are also
a potential solution.

(b)

Fig. 1. Linear spectral mixture model for two inputs and three classes, where . L .
the pure pixels occur at (0, 0.5)-0.5,—0.5), (0.5~ 0.5), where the origin has Fig. 3. Representing the pure class variation by the means when it is assumed

been chosen to lie at the center of the simplex. The division of the feature spi{t@ the variation is due to spectral confusion.
is shown in (a), while the corresponding mixture surface is shown in (b).

fundamental to deriving the relationship with the linear SVM'’s

lies outside this simplex, the unthresholded output for at leastSection IIl.
one of the models is negative, and performing the thresholdingl) Pure Pixel Definition for Composite Classek deciding
and renormalizing operation means that the overall modeltisw to deal with potential sets of pure pixels, it must be deter-
nonlinear in these regions. However, in many cases, it is neamyned whether the variation is due to spectral confusion or in-
linear. herent, measurable natural variation. Spectral confusion results

Whenc < n+ 1, the intersection of each of the individualfrom random perturbations around some true pure pixel value,
margins produces an infinite linear mixture region, as illustrateshd this should be treated as a stochastic modeling problem
in Fig. 2. It can be argued that the specification of the leaft5]. The stochastic perturbation of the pure pixels could be due
squares constraint in (2) is under constrained, as the only fo-errors in the spectral measurements or due to natural vari-
formation (data) that exists, for which errors can be calculatation within the scene which introduces a stochastic variation
are the values of the pure pixels. It has been assumed that thetkin the sensed spectral bands. This is the normal assumption
are linearly independent, hendeis identically zero at these made when the LSMM algorithms are derived [15], [30], and
points, independent of the value Bf. The sum to unity con- the optimal estimates for the pure pixels are the class means.
straint ensures that the zero boundary of the first model is idéFhe class variance can then be used to provide error estimates
tical to the one boundary of the second (and vice versa), Yet the mixing proportion predictions.
these boundaries could occur at almost any orientation as longVhen compaosite (meta) land cover class labels are used, there
as they are not equal. The solution produced by the Lagrargest volumes of the feature space that can be considered as
derivation (subject to the rank deficiency problem discussedpre exemplars of that class, and no mixing should be modeled
Section II-B.2, is shown as the solid lines, yet the dashed boundthin these regions. Assuming that these regions can be mod-
aries are also valid solutions. This is because the least squaalesl as linear mixtures between exemplar pure pixels is often
constraintin (2) is redundant as it has been assumed that a solappropriate. Replacing the class distribution by just its mean
tion exists R is full rank), so the minimum value is always zerdntroduces errors in the models’ estimates. However, selecting
and a pseudo-inverse solution does not need to be perfornpede pixels which lie on the boundary closest to the other classes
(see Section 11-B.3). However, it is argued in this paper that tie also inappropriate, as there is no mixing between the class
margin produced by the Lagrange implementation is desiralgleres and estimated class cores are substantially different from
as it maximizes the margin’s size (width), a property which ige original shapes. The concept of linear mixing in these cases
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class 1 lution will give a minimum norm solution when < n+ 1,

which measures the size of the weight vector and the bias term
(an affine function), whereas the effect of the sum to unity con-
straint is to produce a minimum norm solution for the weights
class 2 only (a linear function) which maximizes the resulting linear
mixture region, as shown in Section IlI-B. It is also worthwhile
noting that when the minimum norm solution of an affine func-
tion is calculated, the solution is no longer symmetrical for the
2 class case, i.ey; # 1 — y2. However, this relationship does
! hold with the linear minimum norm solution.

Fig. 4. Mixing margins for two composite classes and their corresponding Previously, Kent and Mardia [19] have stated that the ma-
primitives. Class 2 is composed of the unionsfandz?, and the solid lines trix of mean differencegz® — «!, ---, 2 — x!] should have
denote the margin of the composite classes and the dotted lines denotefifierank, which is equivalent to adding a bias term as described
primitive classes’ mixing margin. above. In addition, Horwitet al.[15], state that the input vec-
, o i tors [1, ‘] should be linearly independent, which simply ap-
is only valid if it is assumed that the composite classes are COPnds a bias term, as described above. These are equivalent to
posed of mutually exclusive sets of so-called primitive classgg; comments made above. Finally, the rank deficiency problem
[23], for which the pure pixel/linear mixing assumptions are apnentioned above only occurs because of the Lagrange technique
propriate ¢ < n+ 1 etc.), as illustrated in Fig. 4. used to derive the closed form solution. It is possible to use

2) Rank Deficiency and the Bias Parametémplicitin the ¢ girect elimination method to solve the constrained quadratic
Lagrange derivation of the CLS LSMM algorithm, is the Cond'program, [9], [14], which does not suffer from the rank defi-
tion thatC must be full rank. However, this is not true in certaiq:iency problem.
cases. The most obvious is wher= n+ 1 asC'is an v+ 1) 3) Infinity of Solutions and Margin Width Maximiza-
x (n+ 1) matrix, which is formed from the inner product of anjon. \When ¢ < «n+ 1, there are an infinity of solutions
nx(n+ 1) matrix. Hence, the rank & is atmost. Asasimple \hich satisfy the original LSMM equations. This is because
example, consider a single spectral input{ 1), which hastwo ¢ original constraints do not uniquely constrain the solution,

X3

L PR 0 - orig _ _
primitive classes at” = —0.5 andz® = 0.5 andV' = I, which is due to the form of the quadratic error in the spectral

025 —0.25 values, eq_uation (2). These equations can be solved exactly

C= —025 025 (12) and there is no error, hence the quadratic form has the same

constraining power as a setolinear equations (assumidgis
which is obviously rank 1. In addition, this rank deficiency carankc). The fact that it is treated as a least squares problem and
occur even with what may appear to be well specified problemslived using the normal pseudo-inverse is an implementation
Considerthe case when= n = 2, and one pure pixel is locatedconstraint which is not part of the original set. Instead of
atz! = [-0.5, —0.5]7, and another at? = [0.5, 0.5] solving the set of linear equations

0.5 —0.5} (13) z=Ry (14)

¢= [—0.5 0.5

which again is obviously rank 1.

The reason why this occurs is due to the role of the bias te
in th(_e or|g|na! s_et o_f I_me_ar equations. With the CLS L_SMM, R'z = R'Ry. (15)
the bias term is implicitly incorporated by the sum to unity con-

straint, yet the bias term is often neglected when standard leggfyever, because the equations can be solved exactly, it is pos-
squares solutions are proposed, [14], [30]. However, the authgjisie to solve the following set of linear equations:
would argue that it does change the solution as a bias term no

longer exists in the original set of linear equations, and this has STz =8TRy (16)

the effect that the spectral input= 0 always lies on the zero

boundary of every mixing domain. This is always true if thevhereS = V'R andV is an arbitrary, symmetric, positive

LSMM equations are implemented without an implicit or exeefinite matrix. Obviouslyy is related to the input noise co-

plicit bias term. variance matrix but has been used here to illustrate how it is
One explicit method for incorporating a bias term in the sepwssible to rotate the margin through almost°1&@d still pro-

of linear equations is to simply introduce an extra inpgitor duce a solution which satisfies the quadratic form sampled at

equivalentlyz,1), which has a constant value of 1. This augthe pure pixels.

mentsR by an extra row of ones, and it can be shown that [29] Therefore, while the CLS LSMM solution found using La-

this does not alter the solution when the sum to unity constragrange multipliers is unique, the orientation of the margin is

is implemented, yet it resolves the rank deficiency problem. dietermined by the noise covariance matrix introduced via the

also allows the sensible comparison of the constrained and lgast squares criteriain equation (2). In Section l1I-B, itis shown

constrained least squares solutions (as both models are equivat the CLS LSMM solution is arguably the most appropriate

lent). The difference is that the unconstrained least squares @g-it maximizes the size of the margin, and a set of different

the quadratic constraint with the pseudo inverse solution solves
%e equivalent set of linear equations
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optimality criteria are proposed which explicitly represent the
unique solution.
X2
[ll. SUPPORTVECTORMACHINES

Support Vector Machines (SVMs) are classification and re-
gression methods which have been derived from the basic prin- v
ciples described in Vapnik's Statistical Learning Theory [33] AT
The classification techniques are based on the principle of “op- Xy
timal separation”, where if the classes are separable, the solution _ _

s chosen which maximally separates the classes. This uniqugy ., Lheer S\ for o nputs and o classes The siars and rosses
defines the optimal discriminant, and in doing so, selects tbitles denote the selected support vectors which determine the linear model’s
data points which lie on the class boundary closest to the neidundaries.

boring classes [13]. Hence the process performs automatic “pure

pixel” selection, where the pure pixels (termed support VECtorg) 5 jinear model with a weight vectarand bias ternb defines
are those lying on the class boundary. In handwriting [24] anflset of points that constitutes the boundary between the two
face recognition [25] problems it has been found that betwegpsges. The threshold value of 0.5 is arbitrary but is appropriate
3 and 5% of the data points are detected as support vectors, gflis case because it lies between the values of 0 and 1 which
the remainder can be discarded from the calculation. denote none and full class membership, respectiv@lye set of

An empirical model approach assumes that a set of exemlain for which this equation equals 0 is the zero boundary, and
data, drawn at random from a distribution which represents hgit, one boundary is similarly defined. When the discrimination
the model will be deployed, is used to design amodel of the forigy, ;g ary is linear, these three linear boundaries are all parallel

but have a different bias term, as illustrated in Fig. 5. It can

margin

y = Mp(z, w) A7) pe easily shown that the size of the margin is inversely related
to the size of the weight vectap in (18) (note that the bias
where term, b, is explicitly represented and separate from the weight
M structure of the selected model; vector), hence in order to maximize the margin, it is necessary
D data set of input/output exemplar pairs; to minimize the size of the weight vectfyw)||2.
w  parameter vector and it has been assumed that thargin maximization proceeds by identifying the closest
model is single output. points to the boundary (the support vectors) in each set of

Little att?”t!ol” is often given to selecting a suitable data Sghss exemplars. These data points contain all the information
D = {«, #'};_, of l inputioutput exemplar pairs, yet the e hecessary to calculate the weights and bias terms which maxi-
fect of training a model/ on an unsuitable data st can be ;e the margin's width. Therefore, the process of calculating
extremely undesirable. This can be expressed by the bias/V{ls \eights and bias terms can be regarded as an automatic
ance dilemma [6], where the model's ability to underfit the trug, - ynique for pure pixel selection when it is assumed that the
relationship (bias) and overfit the training data (variance) are r&—]re pixels lie on the edge of the class margins, as illustrated
lated. One of the potential advantages of the SVM approachﬁs,;ig_ 5
thatitis less sensitive to biases which can be introduced by poo§ inear SVMs use linear discrimination (models) to separate
data collection, yet it should be noted that if the information i 55ses which are linearly separable. This approach is consid-
not con'Fained in the datap empirical model can automatically o a4 first in this paper, and it is shown that the algorithm is
extract it. , identical to the CLS LSMM when the same set of pure pixels is
Implicitin the SVM approach is that the property thatamodg|se a5 the data set for both techniques. This is an important re-
only has a single output, so a rangecanodels are necessaryg it as it shows that the simplest SVM is equivalent to a widely
to predict the mixtures, one for each class. Hence, the exeRaq algorithm in the remote sensing literature, and that the CLS
plar data set is labeled using a 1oéncoding, which repre- | gyv technique implicitly maximizes the mixing margin. It
sents the norlmal closed world, mutu.ally exclusive assumptioRsisplishes that the set of SVM optimality constraints can be
Other encoding schemes are possible [34], and these may,8g 1o derive the CLS LSMM algorithm which highlights how
useful for dealing with the problem of selecting different sets ¢fiq technique can be easily extended to include pure pixel selec-
support vectors pixels for a particular output. The basic linegg, (support vector identification). In addition, it is not essen-
SVM classification algorithms are derived from a discriminggg 1o yse a simple, linear discriminant, and other higher-order,
tion perspective, yet this is in keeping with the linear mixturgoinear kernel-based classifiers can be used both for nonlinear

model approach. A discrimination boundary of the form  giscrimination and for modeling. Also, overlapping data clusters
can be handled by introducing a measure of misclassification,

wie +b6=05 (18) - : - :
which can be controlled either by the designer or using com-

puter intensive, cross validation algorithms. The SVM frame-

3Normally, a threshold value of 0 is used in the SVM algorithms as class
2As will be seen later, when a single pure pixel for each class is not availabieembership is a member of the set, 1}, but the bipolar class membership
the number of support vectors in the mixture domain may be much greater. representation will only be used in this paper when the algorithms are derived.
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work thus provides algorithms for automatic pure pixel selegrhere the second constraint is given frégmh/6b = 0. The
tion, for both linear and nonlinear modeling and discriminatioweight vector and bias term can then be calculated as
problems, and generalizes the basic CLS LSMM algorithm.

l
A. Linear Support Vector Machines w— Z it (24)
=1

In applying a linear SVM for pure discrimination, it is as-
sumed that the problem has two classes (as each model repre- b=-1w'(z' +27) (25)
sents a single term in the 1-oefencoding) and the data can be
linearly separated. The task is then to find the linear discrimvhere ' and z> are any two vectors fron®; and Cs, re-
inator which maximally separates the classes. In the previasfsectively, which have non-zero Lagrange multipliers. The ex-
section, it was assumed that the output of an SVM lay in thgession for the weight vector is obtained from the equation
unit interval, [0, 1]. However, for the purposes of deriving the L /ow = 0.
algorithms, it is more convenient to assume the output lies inThe Lagrange multipliersy’ effectively weight each data
the bi-polar interval {1, 1]. This can be done without loss ofpaint according to its importance in determining a solution, as

generality. o they represent the sensitivity of the optimization criteria with
The training set{z", ¢* ¢_,, is composed of exemplars ofrespect to a particular constraint [9]. For the linearly separable
this classt’ = 1, or exemplars of the other clags = —1. two class problem just described, only those data points

It is assumed that no spectral confusion is present in the datdich lie on the margin’s boundary have a non-zero Lagrange
so the aim is to maximize the size of the mixing margin suafultiplier. Hence, solving the QP problem is equivalent to
that all the data are correctly labeled as either -dr This performing data selection, and once the Lagrange multipliers
can be specified as an optimal linear separation problem, whighare determined, the weight vector and bias can be calculated
can be formulated as the following quadratic programming (QRirectly.
problem:

B. Linear SVM and CLS Linear Spectral Mixture Models

. . . 2
minimise w2 Theorem 1: The models formed by a linear SVM and the

subjectto  (w'z'+b)t' 21 i=1,2---,1 (19) CLS LSMM are equivalent when the same set of pure pixels
. ) . . ) (one pure pixel for each class) is available for both techniques
wherew is the weight vector for this model, which describes thgn the same nonlinear mixture re-estimation algorithm is used
orientation of the margin and boundaries drid the bias term. wheny; < 0 ory; > 1.
The second constraint can be interpreted as requiring the data prgof: To prove this equivalence, first consider the case
set to be linearly separable, and the first constraint minimizgsgin, the input noise covariance matriXk = I. This will be
the size of the weight vector (maximizes the margin’s size) {@|axed later. In addition, the proof is based on showing that
order to separate the data “optimally.” the estimation of the linear models for both techniques is the
The solution is given by finding the saddle point of the Lasame, and it has been assumed that the same subsequent non-
grange functional linear bounding and normalizing operations are applied. All that
l needs to be shown therefore is that the linear models are the
Liw, by a) = 1 w2 — Z d((@w) L0 — 1) (20) \S;%T; vr\:;r:;;ge model's margin (intersection of all the indi
=t When the data point lies within the margin of all the classes,
where the Lagrange multipliers’ denote the importance of the pr.oof relies on showing that the computed weight vectors
each data point. A zero value of means that the exemplar datf2nd bias terms for each technique for all the models are equiv-
pair doesn’t influence the calculation of the weight vector. THYENt: Without loss of generality, this will be done for ti
Lagrangian has to be minimized with respectdand b and model only. First, note that the linear models formed by both

maximized with respect to > 0. The Lagrange multipliers {€chniques when = n+ 1 are equivalent, as there are- 1
can be found using the dual problem linearly independent degrees of freedom in the data set (basic

assumption of the CLS LSMM algorithm) which uniquely con-
{ { strains then+ 1 linear parameters in each linear model. This
max W(a) = max —1 Z Z o ot (& ) + Z o has assumed th_at the CLS LSMM pure pi>_<el matrix ha§ an aug-
i i =1 =1 Py mented row of biases to guarantee a solution, see Section |I-B.2.
(21) Whene < n+ 1, there are an infinite number of solutions
which pass through the training data, (see Fig. 2). The linear

subject to the constraints SVM is unique in that it maximizes the size of the margin by
minimizing the size of the weight vector. To show the CLS
ol >0 i=1.2 ... 1 (22) LSMM algorithm is equivalent, it is necessary to show that the

. two calculated weight vectors are identical. It is assumed that the
Z o't =0 (23) CLS LSMM weight vector is calculated as shown in (5) and (6),
P and that it produces the unique CLS LSMM solution (although
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there are in fact an infinite number that satisfy the original optEombining these two equations, and rearranging the terms gives
mization goals, as discussed in Section 11-B.3. From (6) and (7)

(C '),
_ =—* 33)
117°¢c! -1 (
e The bias terms are the same and hence, the weight vectors are
butb = C'1/17C~'1, so the same for each row &¥. . .
As long as the same thresholding and normalizing procedures
W = 0—1(1 — 1bT)RT, (27) are applied outside the mixture regions, when the models cal-

culate a negative output or one greater than one, then the two
The weight vector for thgth mixture model is given by trans- techniques are equivalent in every other domain as well, as the
posing this equation and extracting tfth column, which gives basic linear calculations are equivalent.
T . . At the start of the proof, it was assumed that the input noise
(W"); =(RC™); — RC™"1b; (28)  covariance matri%” = I. This restriction can be removed by

. : considering the following QP problem for the linear SVM algo-
where the notatior{), has been introduced to represent ex: g gQPPp g

. , ithm:
tracting thejth column.
The aim is to now show that the weight vector for tjta minimise  w! Vw
Ilne_ar SVM is equal to this expression. In performlng this subjectto  RTw bl =t (34)
derivation, it is assumed that every spectral vector in the pure

pixel matrix & will be selected as a support vector, hencgnq, ysing a derivation similar to the one described above, it
the inequality constraint in equation (19) will be replaced byan pe shown that the two algorithms are identical. The only
an equality. This is valid because each pure pixel is the orlterence is that the size of the weight vector is now measured
example of each class so the output must be either 1 or Qg respect to the matrik and can be written daw||2., where
these points. Hence, they will all lie on the margin’s boundagy has been assumed that the standard Euclidean norm is used.
and so the constraints on the Lagrange multipliers are no longgiie that the covariance matrix could equivalently be absorbed

appropriate. Theith linear SVM is designed by solving thej,ig the input inner product [16]. O
following QP problem: 1) On the Relationship Between CLS Linear Spectral
L T Mixture Models and Linear SVMThis result has a number
minimise  w*w ) e :
_ . of important implications for both techniques. Probably the
subjectto R w+1b=t¢ (29) most important is that the CLS LSMM model satisfies the

. . margin maximization property when< n+ 1. As discussed in
where .the subscript to denote tji quel has been drOpp,ed'Section 11-B.3, it can be argued that in this redundant situation,
In addition, the target vectar has a ;mgle value Of_ 1 which the most sensible solution is one which is perpendicular to the
corresponds to the pure pixel for cla_/sand the remaining ele- projection of the pure pixel onto the hyperplane containing the
_me”ts are zero. The Lagrange functional for ftfelinear SVM other pure pixels. This is exactly the same as maximizing the
Is therefore given by margin. When the variance-covariance matfixs not equal to

1 the identity matrix, the minimum norm solution is produced for
Liw, b, a) =  |wll} - Y o/((s"w) +b—¢')  (30) the space’ = V~"z. Therefore the effect of introducing the
=1 variance—covariance matrix is to “rotate and stretch” the input
) . . o axes and define a minimum norm solution in this new space.
where thea* > 0 constraint no longer applies, as it is @ QP The gptimal formulation of the linear SVM guarantees a
pro_blem with equality constrgmts. Now using the direct e"m'l]nique solution to the problem and directly represents the
nation method [9] to solve this QP problem gives margin maximization principle and so it could be argued that
1 it is more fundamental than setting up the LSMM modeling
w=RC *(t—1b) 2 :
o . problem as a least squares solution, in the knowledge that it
=(RC™); —RC™1b can be solved exactly.
The relationship also shows that the margin maximization

which is the same as (28). Thereiore, to show ihat the ling operty implicitly implies that the resulting linear SVM mix-

SVMand the CLS LSMM weight vectors are the same, it nee re estimates will sum to unity when the same set of pure pixels

to_be established that thg bias terms_ are also quivalent. To SfE used as support vectors for each model. This may not seem
tain a closed form solution for_the Ilnea_r SYM bias term, thgt first obvious, but is true because each model forms a linear
solution of the Lagrange equations [9] gives: mixture across the sanee- 1-dimensional hyperplane which is
a=—Ct—b1) 31) formed from the space spanned by the pure pixels. Within this
¢ — 1-dimensional hyperplane, there exigiure pixels. Hence,
and differentiating the Lagrange functional in (30) with respeéf€ linear mixture problem is uniquely defined and the estimates
to b gives will sum to unity within the model’s margin. Every other point
in then-dimensional space is projected onto this subspace, and
a1 =0. (832) the mixture estimates are then calculated. Thus, the sum to unity
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property is implicit in the margin maximization approach used
by SVM's.

The SVM formulation thresholds the mixture estimates at
both 0 and 1 [see (19)], whereas they are generally only thresh-
olded at 0 in the normal CLS LSMM algorithm. The thresh- 2
olding at 1 is important in the SVM algorithms as a data point
that causes the unthresholded output to be less than zero or
greater than one does not lie on the margin boundary and is
not considered as a support vector. Only those data points for
which the unthresholded output equals zero or one are con-
sidered to be support vectors. In practice, the different thresh-
olding strategies make little difference in the solutions calcu- X,
lated by the two algorithms, as can be seen by comparing Fig. 6
with Fig. 1. There is no unique way to enforce the non-nega- (@)
tive, sum-to-unity constraints in the LSMM literature. Hence,
the previous proof simply assumed that the thresholding SVM
conditions were adopted and the resulting values were normal-
ized to sum to unity.

C. Linearly Nonseparable Mixture Modeling

When the data is nonseparable or the designer may decide
that the support vectors should not lie at the edge of the distri-
bution, the above technique can be modified to allow a number
of “misclassifications.” This typically occurs in remote sensing
when the classes are not necessarily spectrally distinct or some
of the variation in the potential set of pure pixels is due to
spectral confusion. Rather than modeling these pixels as pure
class members, they may be located within the mixing margin,
and the process of optimal discrimination should be modified. (b)

There.fore' the QP PrOblem.ls mOdlfled 'FO minimize the numbﬂ . 6. Three linear SVM’s and their margins, which are denoted by the
and size of such misclassifications, which are presumed du%ﬁ?gins‘ boundaries? andb?, for a two input problem. The division of the
the input measurements being corrupted by zero-mean randeature space is shown in (a), while the corresponding mixture surface is shown
noise. This is achieved by introducing an extra set of non-neda®-

tive variablest’ > 0, ¢ = 1, - - -, [ which specify how far from _ _
the bipolar values the current output is subject to the constraints
tw s +b) >1 ¢ (35)
Therefore, th&”’s form extra penalty terms that should be min- !
imized. This can be solved by finding the saddle point of the Z ottt = 0. (39)
Lagrangian i=1

Therefore, the loss function is composed of a term that tries
to maximize the size of the margjjw||3, and a term that mini-
mizes the size of the erroEi=1 & The parametef weights

. these two competing goals. Whén — 0, less emphasis is
. ((xi .w+b)ti—1+§i) _ Z gt (36) placed. on the classification performance ofthe system applied to
the training set, and the margin becomes wider. A lower bound
is effectively reached when all the Lagrange multipliers are con-
whereC is a given smoothness constraint, and #fieand/3*  strained byC. Similarly, whenC — oo, more emphasis is
terms are Lagrange multipliers. This expression should be mplaced on the classification performance and the margin will
imized with respect taw, b and¢? and maximized with respect become narrower. A point is reached when the linearly sepa-
to o, 3* > 0, and results in maximizing the dual problem  rable QP problem becomes either solvable or unfeasible, and in-
creasingC further does not affect the form of this solution. The
l boundC can also be viewed as limiting the VC dimension of the
SNt (e’ a’) + ) of  model [33]. Itis obviously a design parameter which must be
i=1 j=1 i=1 specified prior to running the QP algorithms, but it may be opti-
(37) mized using computer intensive, cross validation algorithms. In

l {
Lw, b, & o, ) =5 [w|3+C Y &= o
=1 =1

=1

(S

max W(«a) = max —

fe3 fe3
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some respects, itis similar to the regularization parameters usatle of C' in (36). This in turn determines how many “pure
in artificial neural networks (ANN), and statistical re-estimatiopixels” (support vectors) lie within the mixing margin.
algorithms may therefore be applied to optimize its value [22].
However, despite a lot of research that has been performedEin
the ANN and Bayesian statistical modeling communities, it is’
still often necessary to manually tune the calculated value. So far, the mixture modeling problem has been posed as
finding an algorithm which “models” regions of pure pixels,
i.e., the only data used are labeled with a 1 (to denote an
exemplar pure pixel) or a 0 (to denote a pure pixel which is

So far, the classification algorithm has been based on a Iiné'zQF a member of that class). Errors. in the pred_lctlons were
discriminant for the separable and the nonseparable cases. HoWeduced to handle spectral confusion and nonlinear kernels
ever, the approach is not limited to simply linear decision boun2v€ been proposed as one method for producing nonlinear
aries as kernel-based, nonlinear mappings [8], [33] can be u&piture models. However, remotely sensed training data is
to construct more flexible decision boundaries. In pursuing tHfgminated by examples of mixed data, where the target values
approach, all of the previous analysis holds for forming the gl in the.unlt interval, [_0' 1] and gqnfo_rm to th(’,} cloged yvorld
cision boundary, and the only change that needs to be made idgumption (sum to unity). Often itis difficult to identify single

substitute a kernel function for the inner product between tiR}/€ PiXels in the data sets, so techniques need to be developed

training vectors in the Lagrange functionals (21) or (37). Insted1ich can make use of these large data sets containing mixed

of performing the data selection in the original feature spad¥*®'S- . _

a higher dimensional, nonlinear transformation is used insteadYVithin the remote sensing community, ANN's have often
This is the purpose of the kernel functions: to map the data ift§€n used to model this type of data [3], [5], [10], [32] which
an alternative space in which the problem may be linearly sepgPresent a very different approach from the conventional CLS

rable, and common choices for the kernel functions include theMM approach, which uses only pure pixel training data.
following. Hence, the position and orientation of the mixture region is

i i i 4 determined by the pure pixels (support vectors) at the edge of
Polynomial kernel K (z', /) = (¢".2’ + 1) whered = he class cores. However, using exemplar data based on actual

Regression SVM Algorithms

D. Nonlinear Mixture Modeling

1,2, o ) . mixtures allows a nonlinear regression scheme to adapt to the
G_ausman R_BFK(‘”Zz z’!) = exp(—z' — ‘”],”5/202)- actual local mixtures and as such is a more flexible approach,
Ridge functionsK («*, &7) = tanh(b(z".#’) —c) for cer- - githough the previous comments made about the curse of
tain values of andc. dimensionality apply. In adopting a statistical regression

Also included are various spline functions [13]. The nonlineapproach to mixture modeling, it is assumed that the empirical,
kernels can therefore be used to produce a wide range of de@mpled data set is representative of how the model will be
sion boundaries, and the data selection procedure is equivaipplied. This is characterized by the bias/variance dilemma
to the selection of the kernel functions in the network, i.e., on[] and Vapnik's statistical learning theory [33], which state
those kernels with a non-zero Lagrange multiptiémwill con-  that the true performance of a model is only partially related
tribute to the network’s decision. In addition, when the trango its empirical performance on the sampled training data, as
formed feature space is large (for instance a polynomial of didse training data may be biased, and the model may overfit this
gree 5 with six inputs ha§*¢ terms), only the dot product in information.
the original input space needs to be formed, it is not necessarynstead of using ANN’s, it is possible to extend the SVM al-
to calculate the expansion in the transformed space [27].  gorithms to a regression scenario. The models that can be used
Various nonlinear mixture models have been proposed ane identical to ones used for classification, so they can be linear
the literature, including polynomial transformations [7], whiclor use any of the kernel functions described in Section IlI-D.
aims to overcome the < n+ 1 constraint. By extending These nonlinear transformations are similar to the ones often
the basic model space to include nonlinear kernels, all of teenployed in ANN'’s, and the main difference between the two
previous results that apply to implementing separable atethniquesisthe method for choosing and training the nonlinear
nonseparable mixtures still apply. In particular, the techniquasdes. ANN’s typically have a fixed number of nodes in the
used to automatically determine the support vectors for thaden layer, whose parameters are optimized using a nonlinear
separable and nonseparable distributions are still appropridtaining algorithm to best fit the training data, usually using a
However, any nonlinear empirical modeling algorithm isummed squared errors criteria. However, SVM’s consider a
subject to the “curse of dimensionality” [4], which refers tkernel node to be associated with every kernel node and the
the exponential increase in data and model resources requineds chosen with a non-zero Lagrange multiplier constitute the
to evenly populate the feature space as the number of inpmedel’'s “hidden layer.” The output of th#h kernel node for
increases. Nonlinear margins are obviously a lot more flexible.query pattera is given by K (z’, x), so the node’s weights
However, they should only be used if there is strong evidenaee the corresponding training input pattern. In addition, the La-
for a particular margin shape (quadratic, cubic, etc.) or theregeange multipliers are the linear output layer’'s weights, so the
a lot of data to support more flexible kernels such as Gaussi@WM models can be represented as a type of three-layer ANN.
or spline basis function. For SVM’s, complexity is controlled A range of different loss function can be used within the SVYM
by adapting the size of the margin, i.e., finding an appropriabemework, from the normal summed square errors to summed
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absolute errors and a robust version of these measures which in-
troduces am-insensitive dead-zone about 0, such that only abso-
lute errors larger thaainfluence the loss function [28]. Strictly
speaking, only the loss functions that employ-msensitive
dead-zone perform data and kernel selection, as otherwise, all
the Lagrange multipliers will be non-zero and the SVM model
will contain a kernel associated with every data point in the
training set. However, the CLS-LSMM algorithm are derived on
the principle of minimizing a least squares cost function. Like
the complexity control parametér, the dead-zone’s size influ-
ences the complexity of the final model. A large dead-zone will
produce simple models, although the predicted trends between
the selected support vectors are not influenced by the interme-
diate training data points. A small dead-zone means that most
data points will be selected as support vectors and the model
will consist of a large number of kernels. One of the problems
with formulating the mixture problem as a regression scenario is
to constrain the outputs to sum to unity and to lie in the unit in-
terval. Often this is done by an explicit transformation of the out-
puts in the same way as classification is performed. At present,
the authors have not applied SVM'’s to true mixture data and as
such have not quantified how much this approach will improve
the predictions of the mixtures.

Fig. 7. Bands 1 (top) and 4 (bottom) of the Landsat TM image used to evaluate
the linear SVM mixture model.

IV. APPLICATIONS
In the following examples, only two out of the seven available

The examples described in this section illustrate the potentiginds (1 and 4) of the Landsat TM imagery are used as spectral
of applying the SVM algorithms to remotely sensed data. Thrégatures. This allows the mixing margins and the selected sup-
situations are considered. port vectors to be plotted. These %333 (1200 potential data

1) Where the pure pixel data sets are linearly separable d#fints) grey-scale spectral images are shown in Fig. 7, and the
a linear mixing region is presumed to exist between tt#ata sets used in the following examples are subsets of these im-
class cores. This illustrates automatic pure pixel selecti@g€s.
on the linear margin boundaries. Data with an area membership of greater than 0.95 of these

2) When the class cores are subject to noise and spectral d¥ff classes were considered as potential “pure pixels,” and this
fusion may occur. Thisiillustrates how pure pixel selectioBroduced a reduced data set of 313 pure pixel training pairs (76
occurs within the mixture region and the relationship bdrom the Developed and Other class and 237 from the Undevel-

tween the size of the margin and the model complexi§Ped and Vegetation class). This formed the basis for the three
parameteCC. examples. The first data set was reduced slightly (by 20 data
3) When nonlinear mixture regions are required. points), as some potential pixels were removed to produce two
While it has been shown that for the same set of puli@early separable sets of pure pixels and the other two examples
pixels, the linear SVM algorithm is identical to the stantsed all 313 training pairs. The remaining 794 mixed pixels in
dard CLS LSMM algorithm, a comparison of the CLShe image for which the area membership in the Developed and
LSMM algorithm with the linear, nonseparable SVM alOther class was- 0.0 and< 0.95 were also used to evaluate the
gorithm has been performed. In this case, the constructiprformance of the CLS LSMM algorithm and the linear, non-
of the CLS LSMM algorithm assumed that the data folseparable SVM algorithm in the second example.
lowed a normal distribution and the means for each class
were used as the pure pixel spectra, whereas the linéar
SVM automatically selected pure pixels from the training To show how the linear SVM (linearly separable) algorithm
set to form the mixing model. The real-word dataset wasn be applied, the data set described above was filtered to re-
produced as part of the European Union FLIERS projentove points which, due to the spectral confusion, were lying in

Linear, Separable SVM Algorithm

[21]. Here, the data is split into two base classes: the region where linear mixing was presumed to occur. This may

 developed and other (including slate, tarmac, cotre unrealistic, but the aim of this example is to illustrate how the

crete, etc); support vector (pure pixel) selection process works, rather than

» undeveloped and vegetation (including sand, wateshow that the technique is “optimal” for this data set. The same
soil, grass, shrubs, woodland, etc). assumption is made when the LSMM’s are designed.

The data is taken from a Landsat TM image of the Le- Running the linearly separable algorithm on the (reduced)
icester suburbs, as shown in Fig. 7. data set gave the linear margin and support vectors shown in
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Fig. 8. Linear SVM mixture predictions and selected support vectors for (@)
Landsat bands 1 and 4. Crosses are used to represent the developed and othe” y5q
class data, and stars represent the undeveloped and vegetation class data. Th

three data points selected as support vectors are circled, and the three solid 140
lines represent the margin’s boundaries and center.
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Fig. 8. Because the problem has been approached from a lin-
early separable classification viewpoint, it has been implicitly
assumed that the aim of mixture modeling is to use pure pixels
which lie on the edge of the classes’ cores. If this is not the
case, this approach will obviously be inappropriate. An appro-
priate mixture margin has been calculated by the SVM, andonly 49}
three of the potential 293 data points have been selected as sup
port vectors. The algorithms for performing model construction 201
and the quadratic programming data selection procedure took

—
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no. support vectors

approximately 9 s to execute on a Pentium 166MHz PC [12]. 107 107 107 107 107 10°
In this example, it could be argued that the support vectors c
lying on the edge of the classes’ cores could be selected man- ()

ually. However, incorrectly selecting pixels that are not “oppd=ig. 9. Diagrams showing (a) the sensitivity of the errors and (b) the number
site” each other will change the orientation of the margin, arffjselected support vectors with respect to the model complexity parafieter
while this is relatively easy to visualize and optimize by eye ‘

when there are only two spectral features, it is extremely diffdiagrams showing the variations in the summed erpars¢’,

cult using all six Landsat bands. and the number of selected support vectors with respect to this
model complexity parameter are shown in Fig. 9. In general, it
can be seen that &8decreases, more pure pixels are considered

as being support vectors (lying in the margin) and that the error
In order to show how spectral confusion can be handlggte computed for the pure pixels increases.

within the SVM framework, the data set consisting of 313 The error rate
data points was used to design a mixture model. In this case
these points lie within the mixing margin or within the other

B. Linear, Nonseparable SVM Algorithm

k

— AN AN
class core. This is presumed due to spectral confusion, and SSE= Z(y(x) ) (40)
the degree with which this occurs is controlled by the model =t
complexity parametet. was also computed for the 794 mixed pixels with respect to the

Note that thea priori selection of a set of pure pixels formodel complexity parametef;. The variation in the summed
the classes cores would be extremely problematic, and for #reors for the mixed pixels and the number of selected support
nonseparable linear SVM algorithm, this simply reduces to egectors are shown in Fig. 10. A value ©6f= 0.0001 was found
timating a single bound parametérthat determines the width to minimize the SSE and produced a linear, nonseparable SVM
of the margin. In practice, this can be difficult. The designerlgorithm using 122 pure pixels as support vectors (39% of the
must select a value for which pure pixels that are incorrectly lpure pixel training data). The performance of this model calcu-
beled due to the stochastic spectral confusion lie in the mardiated over theés = 794 data points in the mixed pixel data set
and for which pure pixels that have variable spectral signatungas SSE= 58.803 (root mean square error [RMSE]0.272
due to the inherent deterministic natural variation in the clapscels). This took approximately 14 s to execute on a Pentium
lie on either side of the margin. Often cross-validation proc&66 MHz PC. Fig. 11 shows the result of applying this SVM
dures are used to estimate a suitable value for the parameatevdel to the data set.
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Fig. 10.  Sensitivity of the errors in the estimation of components of mixe'a'g'dltz' CLS LSth mixture mc:dell f_or Ltandsaft btar:\dts 1 ar|1d 4. Circles are
pixels and the number of selected support vectors with respect to the motefC 10 represent the mean spectral signatures for the two classes.
complexity parametef’.

C = 0.0001 produces better mixture predictions than the CLS
LSMM solution and, in addition, is able to automatically select
the pure pixels without making assumptions of normality. The
SVM approach minimizes 1-norm errors (sum of absolute er-
rors), whereas the LSMM and the optimality criteria are both
based on 2-norm errors (least squares). Hence, the SVM ap-
proach could be expected to be more robust to deviations from
the normality assumption. This point is illustrated by the differ-
ence between the mixture regions shown in Figs. 11 and 12. The
LSMM mixture region is sensitive to the pure pixel points that
lie far from the classes’ means, whereas the SVM mixture region
appears to be less sensitive to these points. Given that normality
assumptions are rarely met in practice, it can be argued that the
linear, nonseparable SVM algorithm generally produces better
mixture models than the LSMM algorithm.

20 30 2 50 50 20 80 % D. Nonlinear Mixtures

As well as considering the possibility that a single pure pixel

Fig. 1l-f E”eaé’é‘é’(?fepgrfb'% SV'l\)/l mcijxﬂllfe FéfzdiCCtionS and Seb(zlted suppeihly not be an appropriate assumption for the composite classes
:ﬁg tgglecl)ope:i énd otr?gr clggs Sda;ta?lnsd satlgrs r.eprr?assseenst ?rr]zujﬁd(at\clgirgeta éj inremote sen_smg, the_assumptlon of linear mixing m_ay n_Ot
vegetation class data. The 122 data points selected as support vectors are cirdlgalys be appropriate, particularly for spectral bands which lie
outside the visible wavelengths. Therefore, nonlinear mixture
regions may be appropriate in certain circumstances, and any
of the kernel functions described in Section 1ll-D can be used

When the data are nonseparable, there is no reliable way inithgtead of a linear model.
LSMM algorithmto select priori aset of pure pixelstorepresent A quadratic polynomial kernel was used to fit the nonsepa-
the classes’ cores. Inthis case, itis typically assumed thatthe datale data set described in the previous section, and the result
for each class follows a normal distribution and consequently tlieshown in Fig. 13. As can be seen from the figure, the margin
means of the class distributions are generally chosen as the “pooendaries are no longer linear or parallel, and they appear to
pixel” spectral signatures. For the Landsat data set, the LSMNbre closely represent the shape of the two class distributions.
solution constructed using the mean spectral signatures of thehis case the best model complexity parame&tervas found
two classes predicted the components of the 794 mixed pix@de 5x 10~8 (with the mixed pixel data set), and this selected
with SSE=87.251 (RMSE=0.332 pixels). The LSMM mixture 78 support vectors (24.9% of the training data). This took ap-
boundaries for this solution are shown in Fig. 12. proximately 20 s to execute on a Pentium 166 MHz PC. The per-

Since the choice of the classes’ means is the “optimal” soliermance of this model on the mixed pixel data set was poorer
tion for the LSMM algorithm (assuming a normal distribution ofhan the linear, nonseparable SVM algorithm, but better than
pure pixels), this result illustrates that for this data set the linetlhe CLS LSMM algorithm (SSE= 78.091, RMSE= 0.314
nonseparable SVM solution with model complexity parameteixels). Given this result, it could be argued whether a quadratic

C. Linear Spectral Mixture Model
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+ (3]

(4]
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(6]
(7]

80 20

(8]
Fig. 13. Quadratic SVM mixture model for the two—class, two-input
nonseparable problem withh = 5 x 10~%. The 78 data points selected as
support vectors are circled.

[9]
. i o [10]
mixture margin is appropriate in this case. Although the perfor-
mance was convincing, compared to Fig. 11, there are probably
too few data points that lie outside the two main data clusters tg
support this extra flexibility. Introducing nonlinear transforma-
tions of the measured spectral bands should only be done if tH&2]
linear mixture assumptions are inappropriate and if there existﬁ3

. o ]
enough data to design a significantly better model.

V. CONCLUSIONS (14]

It has been shown that the CLS LSMM is related to the basic, 5
linear SVM and under certain circumstances, both algorithmg1
are identical. This is an important observation for the LSMM
algorithms, as they have been shown to possess the “maximumﬂ
margin” property, which always maximizes the size of the mixing
margin. It also provides a method for automatic pure pixel selec-
tion, whichis especially usefulwhenthere existsalarge number &#7]
bands and the pure pixel sets contain more than a single element.
In addition, it has been argued that the derivation of the algorithniLg]
fromthe normal LSMM constraintsis non-unique, and adifferent,
unigue set of optimality constraints have been proposed which
are obviously similar to the SVM constraints. In performing this[19]
work, the role of the bias term has been examined and an alter-
native representation has been proposed which ensures that {hg
pure pixel matrix is full rank and can be used within the normal
Lagrangian-derived expression. Finally, it has been argued théd]
the SVM framework is more appropriate for empirical mixture
modeling, as nonseparable distributions of pure classes can be
handled appropriately, as well as nonlinear mixture modeling??!
These techniques have been illustrated with several simple e,
amples, although it remains to fully quantify the performance of
these algorithms with other nonlinear empirical modeling tech-
niques.
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